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Two high-school students from New Orleans in Louisiana, USA,
Calcea Johnson and Ne’Kiya Jackson, say they have done what
math experts claimed was impossible: created a new proof for
the 2,000-year-old Pythagorean theorem that is based on
trigonometry.

They presented their findings at the AMS Southeastern
Sectional Meeting on the Saturday morning of March 18, 2023.
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Abstract In the 2000 years since trigonometry was
discovered it's always been assumed that any alleged
proof of Pythagoras’s Theorem based on trigonometry
must be circular. In fact, in the book containing the
largest known collection of proofs (The Pythagorean
Proposition by Elisha Loomis) the author flatly states

that “There are no trigonometric proofs, because all

the fundamental formulae of trigonometry are themselves
based upon the truth of the Pythagorean Theorem.” But
that isn’t quite true: in our lecture we present a new proof
of Pythagoras’ Theorem which is based on a fundamental
result in trigonometry — the Law of
Sines — and we show that the proof
IS Independent of the Pythagorean
trig identity sin?x + cos?x = 1.

MEETING REGISTRATION
WELCOME




The Pythagorean Proposition
E. S. Loomis, 1928; 274 edition 1940;
reprinted in 1968, 1972.

The author collected 370 proofs of
the Pythagoras’ Theorem in this
book. It is an instructive exercise to
examine whether all 370 proofs are
essentially different,
or whether some are
closely related to another.

“There are no trigonometric proofs,
because all the fundamental formulae
of trigonometry are themselves based

upon the truth of

the Pythagorean Theorem.” Elisha Scott Loomis
(1852-1940)




New Orleans East teens make ‘impossible’

mathematical discovery

unproven for 2,000 years. Sam Winstrom
11:28 PM EDT March 22, 2023;

updated 5:58 PM EDT March 27,2023.

NEW ORLEANS — It takes a special kind of student to
outsmart 2,000 years of mathematicians -- at St. Mary's
Academy, they have two. Calcea Johnson and Ne'Kiya
Jackson just gave a presentation at the American
Mathematical Society's Annual Southeastern Conference.
What they were able to do is find a way to prove the
Pythagorean Theorem using trigonometry without circular
logic --- something mathematicians have been trying to do
for nearly 2,000 years. It might not surprise you to hear they
were the only high school students in the room.

https://www.wgrz.com/article/news/education/no-east-teens-make-pmathematical-discovery-2000-years-making/289-e89f40ch-
85f8-4a55-ae3f-3ec37412d7b8?fbclid=IwAR1VD2xZAyZ4gKcRHbGfl9eU7yYh1TVgE6M4VkbO4vwwumOpzOOHF2EiiEc
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New Orleans East teens make ‘impossible’
mathematical discovery
unproven for 2,000 years. Sam Winstrom

11:28 PM EDT March 22, 2023;
updated 5:58 PM EDT March 27,2023.

"It's really an unparalleled feeling, honestly, because
there’s just nothing like being able to do something that
people don’t think young people can do,” Calcea said. "A
lot of times you see this stuff, you don't see Kids like us
doing it."

[...] If you're wondering how two high school seniors
figure something like this out, well, it all starts with the
teachers who challenged them to do the impossible.
"Our slogan is ‘No Excellence Without Hard Labor.’ So,

they definitely push us,” Calcea said.

https://www.wgrz.com/article/news/education/no-east-teens-make-pmathematical-discovery-2000-years-making/289-e89f40ch-
85f8-4a55-ae3f-3ec37412d7b8?fbclid=IwAR1VD2xZAyZ4gKcRHbGfl9eU7yYh1TVgE6M4VkbO4vwwumOpzOOHF2EiiEc
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What they were able to do is find a way to prove the
Pythagorean Theorem using trigonometry without circular
logic --- something mathematicians have been trying to do
for nearly 2,000 years.

https://www.wgrz.com/article/news/education/no-east-teens-make-pmathematical-discovery-2000-years-making/289-e89f40ch-
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This is the figure drawn by
the two schoolgirls in their
presentation at the AMS
Southeastern Sectional
Meeting.

Let us make a

good guess and

reconstruct the
proof they might

7)
This is the glven have glveﬂ .
r|ght angled triangle.




Assume a <bso that o =a/b<1.
a:b:c=h;:2a:n;=¢e;:h;:m
=h,ze;:n, =e,:h,im,
=h;:re, 1ng=e;:hy;img
=h,:e;:n,=¢e,:h,:m,

h, =2a%/b =2e%b, n,_2ac/b=2ac,

e, = 2a3/b?= 20°b, m, = 2a°c/b’= 2a’c.
Ne= e’ e, =g My fhy,
e.=hle.,, m.=n.e/h,.
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AE=c+my+m,+mg+..
= C+20%C+20'c+ 20 + ...
=Cc+20C[l+o+a+...]
=c + 2a%c /[1 - 0?]

=c (a2+ b?) / (b?2-a?). GC
BE=n;+n,+n;+.... - .

=20+ 20°%C+ 20°C + ... .

= 20C [1 + g+ gt + ““.] 3 %\mZmB

=2ac /[1 - a?] S E

= 2abc / (b*—a?) .

e

o) ) e\PF‘Od ‘:ﬁ \ny*h\ab\ Sﬁ - em by\ \\ R :
éﬁ‘*ew rw.leqns e, oof‘gcrls r'om 9“3 ok ‘/,_w

— ,.'.k""-.'
LA\




Hence, sin 20 = BE / AE

= 2ab / (a¢+ b?).
By the Law of Sines applied to
A ABC, sin 260/2a = sin(z/2 - 0)/c

= (b/c) (1/c)
= b/c?, o
so that sin 20 = 2ab / c2.

Therefore, sin 20 = 2ab / (a* + b?) A
=2ab/c?, “
from which we conclude that e
a2 +h2=¢2. 5 c
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It remains to take care of

the case - [In this case
we cannot form the larger

right triangle ABE, because . ec
AE and BE will be parallel]. . m,
However, this Is an easy case l .
to treat. A \m
Since A ABC ~ A DBA B
we have2a:c=c:a.

Therefore, 2a2=a?+ b2=c¢c?, B D C
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Can we carry out a similar argument

in the general case”?

Yes, we can, and indeed Euclid already
carried that out in the proof of
Proposition 31 of Book VIOf

his Elements'

Proposition 31 (Book VI of Elements)
In right-angled triangles the figure on the side

similar and similarly described figures
on the sides containing the right angle.

subtending the right angle is equal to the \N
>
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Proposition 31 (Book VI of Elements) .

In right-angled triangles the figure on the side < ~b
subtending the right angle is equal to the similar <

and similarly described figures on the sides
containing the right angle.

Proof: AABC ~ A DBA, ﬁ\ VAN

so BC : BA=BA: BD. F (BC) F(BA)  F(AC)
Therefore, #(BC) : #(BA)=BC?2: BA2=BC : BD.

AABC ~ A DAC,

so BC: AC=AC : DC.

Therefore, #(BC) : #(AC)=BC?2: AC2=BC: DC.

But BC =BD + DC, hence #(BC) = #(BA) + #(AC),

thatis, BC?=BA?+ AC?,ora’=c?*+b?. Q.E.D.

[F (**) = Figure of a fixed similar shape on ** as one corresponding side.]

B HRI} a




It is said that Albert Einstein devised

‘;a\ this beautiful proof with
N s the right triangle cut into
&5 two smaller similar right
Albert Einstein triangles when he was a

(1879-1955)

12-year-old schoolboy.

This proof rests on two points:

(1) similar figures

(2) area of similar figures proportional to
the square of corresponding sides
(Proposition 19 of Book VI of Elements)



Proposition 31 (Book VI of Elements)

In right-angled triangles the figure on the side subtending the
right angle is equal to the similar and similarly described
figures on the sides containing the right angle.

Compare

with the

proof of
Proposition
47 in Book |

of Elements.

4 S B
LI—>CB.BA=A8.BD UzD

——CB:BA = AB: BD (because ACBA ~ AABD),

=CB:CA=CA:CD (because ACBA ~ACAD).
.. CB2: AB2=CB: BD,

CB2:CA2=CB:CD.
Since CB = BD + CD, we have

CB2 = AB?2 + CA2,
AAAAA A S

o CB-BD = BAZ

2

)CB:CA= CA: CD -

o CB-eD = cA* .
E

Find three similar
figures on each of

the three sides
such that two of
them combine to
form the third.
These three figures
are staring you in

the face!

See where the line
ADG comes from?
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Actually, fourteen years ago a mathematician
already published a trigonometric proof
of the Pythagorean Theorem
without involving the trigonometric identity
(cos x)? + (sin x)? =1, which is an equivalent
form of the Pythagorean Theorem.

Jason Zimba, On the possibility of trigonometric proofs
of the Pythagorean Theorem, Forum Geometricorum,
Vol. 9 (2009), 1-4.

Abstract. The identity cos® x + sin® x = 1 can be derived
Independently of the Pythagorean theorem, despite common

beliefs to the contrary.



sin (a — ) =sin a cos S - cos a. Sin 8
£ | cos (a—p) =cosacosp+sinasinf

p
c-p

COS(c—P) sinw sing

To derive these formulae we define the sine and
cosine of an acute angle (strictly lying between 0
and 1t/2) in the standard fashion, thanks to the
properties of similar triangles. It is tempting to

arrive at the formula ~
(sin &)+ (cos a)? = Q’

by setting ¢ = f in the second formula But we

cannot do so, or else this figure cannot be drawn!



sin (a — ) =sin a cos S - cos a. Sin 8
g | cos (a—p) =cosacosp+sinasing

p
c-p

COS(c—P) sinw sing

But'we can get by -with a littletrick!
Let0<p<a<nal2 soa,p,a-pallstrictly lie
between 0 and /2. Apply the formulae to the
right-hand side of cos ff = cos [ @ — (a — )] twice

to arrive at [(sin a)? + (cos a)?] cos .

Hence, cos £ = [(sin a)? + (cos a)?] cos S .

By cancelling off cos f # 0 from each side we obtain
(sin @)+ (cos a)*= 1. IR
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Alexandre Borovik, “Decolonisation” of the curricula
and some related issues
https://arxiv.org/pdf/2212.13167.pdf (January 12, 2023)

An extended version of this manuscript has been published online

on March 23, 2023 in The Mathematical Intelligencer, appears
in print in Vol. 45, Issue 2 (2023), 144-149.

Abstract. University level mathematics in a
number of countries is under pressure to
‘decolonise the curriculum’. [...]

The international mathematical community
should defend academic freedom and insist
on our right to formulate our curricula and

evaluate the history of mathematics and judge
mathematicians of the past according to criteria
developed within the profession, and ignore

any kind of political fads and pressures. Alexandre
Borovik

(1956 - )



https://arxiv.org/pdf/2212.13167.pdf
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B b
Law of Sines V \\\)/\/c
|

a/sinA = b/sinB = ¢/sinC  ©

This trigonometric result-is
basically a geometric property.
What is more interesting is to
find a geometric meaning of
the common value.



AD is the diameter of the

circumcircle of A ABC
with radius R.

Hence, angle ACD is a
right angle.
sin@=Db/2R.

But angle ABC is equal to
angle ADC, so sinB =siné
=b /2R, orb/sinB = 2R.

Similarly, a/sinA = 2R, ¢/sinC = 2R .
Therefore, |a/sinA = b/sinB = ¢/sinC |, with 2R as the

common value.

Exercise: Show that this common value is also
equal to abc/24, where A is the area of AABC.



What happens if angle ABC is obtuse?
How should we define sin B if B is obtuse?

AD is the diameter of the
circumcircle of A ABC with

radius R.

Hence, angle ACD is a right angle.
sind=>b/2R.

But angle ABC Is supplementary
to angle ADC, so sin 8 = sin (z — B).

If it Is true that sin (z — B) = sin B, then we can
still show that b/sin B = 2R.

This gives a hint of how we should extend
the notion of sine to an obtuse angle.



Law of Cosines ,
c2 = a2 + b2 - 2abcosC

This trigonometric result is
basically a geometric
property, which is an
extension of
Pythagoras’ Theorem.



Proposition 12 in Book 1l of Euclid’s E/lements

In obtuse-angled triangles the square on the side opposite the obtuse angle
Is greater than the sum of the squares on the sides containing the obtuse
angle by twice the rectangle contained by one of the sides
about the obtuse angle, namely that on which the
perpendicular falls, and the straight line cut off outside

by the perpendicular towards the obtuse angle.

B

BC2=BA2+AC2+2xACxAD

Proposition 13 in Book Il of Euclid’s E/lements

In acute-angled triangles the square on the side opposite the acute angle
Is less than the sum of the squares on the sides containing the acute angle
by twice the rectangle contained by one of the sides
about the acute angle, namely that on which the
perpendicular falls, and the straight line cut off
within by the perpendicular towards the acute angle.

A

BC2+BA2=AC2+2xBCxBD




How can we sum up both situations iIn
a single formula?

We can put the result as
AC?2=AB2+BC?2-2XABXBCXcos @,
where 0 Is the measure of angle ABC, with the
added understanding that cos (z = 6) == cos 0.

. A

: AD is :

: perpendicular |

: to BC. :

I |

| ! Z

kO i e |

B C B C

AC 2= (AB 2-BD 2)+ CD 2 AC2=AD?2+ (BC + CD) 2

- AB2+BC2-2XxBCxBD =AB?2+BC?2+2xBCxBD



How can we sum up both situations iIn
a single formula?

We can put the result as
AC?2=AB2+BC?2-2XABXBCXcos @,
where 0 Is the measure of angle ABC, with the
added understanding that cos (z = 6) == cos 0.

This gives a hint of how we
should extend the notion of
cosine to an obtuse angle.
What about the sine and cosine
of an angle larger than 2m ?



o

0 Q Without loss of generality
we may assume OP =1,
hence we obtain
sin @ =y and cos 0 = X.

: _ PQ
sSin @ = -
y cosﬂzﬂ
0 OP
Q

How should these notions be
generalized to the case 6 > n/2 ?



Defining Trigonometric Ratios  [sli4[=

https://ggbm.at/Ba2ftYQn %ﬁ

o
—0.052
sin 357° = 3 0% —0.052
0.999
APoom, 05 ggeos TS Ty = 0999
tan 357° = _009[{])592 = —0.052
Show values



https://ggbm.at/Ba2ftYQn
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Unit Circle and Sine Graph %%I%
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Unit Circle and Sine Graph EIE.%
]

https://ggbm.at/S2gMrkbD

Unit Circle and Cosine Graph Dbl

S

Unit Circle and Tangent Graph [E&I=

https://ggbm.at/MjFgAfBv

Ofxjc-*

https://ggbm.at/cf6KYJeb

What about the case of an angle with
measure larger than 2 ?


https://ggbm.at/S2gMrkbD
https://ggbm.at/MjFgAfBv
https://ggbm.at/cf6KYJeb
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32 | ‘5299 | 5314 5329 5344 | 5358 5373 5388 | 5402 5417 5432 25710 12 9936 9938 99 2101112
33 | ‘5446 1 5476 5490 | 5505 5519 5534 | 6548 5563 5577 25 710 12 9952 9954 9956 | 9957 9959 9960 U B s )
34 | 5592 | 5606 5621 5635 | 5650 5664 5678 | 5693 5707 5721 2571012
9968 9969 9971 9972 9973 9974 00111
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39 | -6293 | 6307 6320 6334 | 6347 6361 6374 | 6388 6401 G414 247 91
40 [ 06426 | 6441 6455 6468 | 6481 6494 6508 | 6521 6534 6547 247
a1 | ‘6561 | 6574 6587 6600 | 6613 6626 6030 | 652 6665 6678 (13 |2 4 7 o “ The values in the centre columns represent the
a2 | 6691 | 6704 6717 6730 | 6743 6756 6769 | 6782 6794 6807 246 91 sines for all angles lying between the successive
a3 | 6820 5 6858 | 6871 6834 6896 | 6909 6921 6934 246 81 roges ows ta soe outec collmne.s Thas
a4 | -6947 | 6959 6972 6984 | 6397 7009 7022 | 7034 7046 7059 246 810 ’ % 210 570 20114 09988, For Inverss use, the bast
-9 angle for a given sine is the one lying midway
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1 9998 9998 9997 | 9997 9997 9996 | 9996 9995 9995 foot of page. ? 7649 7638 7627 | 7615 7604 7593 | 7581 7570 7559 246 8 9
2 9993 9993 9992 | 9991 9990 9990 | 9989 9988 9987 7536 7524 7513 | 7501 7490 7478 | 7466 7455 7443 246 810
3 9985 9984 9983 | 9982 9981 9980 | 9979 9978 9977 [ 1] 00 11 1 ECRELT T e e R e e ) B [l
a 9974 9973 0072 | 9971 9969 9968 9966 9965 9963 00111 7181 7169 7157 | 7145 7133 7120 | 7108 7096 7083 246 810
5 [09962 | 9960 9959 9957 | 9956 9954 9952 | 9951 9949 9947 01111
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13 | -0744 | 9740 9736 9732 | 9728 9724 9720 | o71s 9711 o707 | 4| 11233 52 o148 S120 1% | Sher Soas soss | 520 ssos ssez |14 | 25 7 9 42
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8563 8554 8545 | 8536 8526 8517 | B508 8499 8490 (0| 2 356 8 T ey cias | 1% ey oy e
8471 8462 8453 | 8443 8434 8425 | 8415 8406 8396 23568 e o he | Bk e 3684 44
8377 8368 8358 | 8348 8339 8320 | 8320 8310 8300 23568 ] BB TRl i 3681114
8281 8271 8261 | 8251 8241 8231 | 8221 8211 8202 23578 29 2700 | 2680 2672 2656 | 2639 2622 2605 36811 14
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Table of sines

1771
1942

13 2250
14 ‘2419 | 2436

15 | 0-2588 | 2605 2622
16 2756 | 2773 2790
17 2924 | 2940 2957
18 +3090 | 3107 3123
19 3256 | 3272 3289

20 | 0-3420 | 3437 3453
21 3584 | 3600 3616
22 3746 | 3762 3778
23 +3907 | 3923 3939
24 ‘4067 | 4083 4080

25 | 0-4226 | #242 4258
20 ‘4384 | 4399 4415
27 | -a540 | 4555 4571
28 | -4695 | 4710 4726
29 | .4848 | 4863 4879

30 | 0-5000 | 5015 5030
31 *61650 | 5165 5180
32 *5299 | 5314 5329
33 ‘5446 | 5461 5476
34 55692 | 5606 5621

| 35 [0-5736 ) 5750 5764

Cross-multiply and Add
0.1736 x 0.9063 + 0.9848 x 0.4226 = 0.5/36

1788
1959
2130
2300

1805
1977
2147
2317
2487

5060
5210
5358
5505
5650

5793
5934

1822
1994

4648
4802
4955

5105
5255
5402
5548
5693

5835
5976

4970

5120
5270
5417
5563
5707

5850
5990

5135
5284
5432
5577
5721

5864
6004

| 10 | 0-9848
12 9781
13 9744
14 9703
15 | 0-9659
16 *9613
17 +9563
18 ‘9511
19 9455
20 | 0-9397
21 ‘9336
22 *9272
23 9205
24 *9135

9845
9813
9778
9740
9699

9655
9608
9558
9505
9449

9391
9330
9265
9198
9128

25 T 0a06s | Jose

8980

Table of cosines

9842
9810
9774
9736
9694

9650
9603
9553
9500
9444

9385
9323
9259
9191
9121

9048
8973

9839
9806
9770
9732
9690

9646
9598
9548
9494
9438

9379
9317
9252
9184
9114

9041
8965

9836
9803
9767
9728
9686

9641
9593
9542
9489
9432

9373
9311
9245
9178
9107

9033
8957

9833
9799
9763
9724
9681

9636
9588
9537
9483
9426

9367
9304
9239
9171
9100

9026
8949

9829
9796
9759
9720
9677

9632
9583
9532
9478
9421

9361
9298
9232
9164
9092

9018
8942

9826
9792
9755
9715
9673

9627
9578
9527
9472
9415

9354
9291
9225
9157
9085

9011
8934

Can you spot
that with your
naked eyes?

9823
9789
9751
9711
9668

9622
9573
9521
9466
9409

9348
9285
9219
9150
9078

9003
8926

9820
9785
9748
9707
9664

9617
9568
9516
9461
9403

9342
9278
9212
9143
9070

8996
8918

[ sin 10 x cos 25 + cos 10 x sin 25 =sin (10 + 25) =sin 35




Ptolemy’s Theorem (224 Century)
In a cyclic quadrilateral ABCD, the
product of the diagonals equals the

¢ sum of products of opposite sides, that
is, AB. CD+ BC. DA= AC. BD.

A

D
One consequence: Addition Formula for Sine
sin(a+ f) =sina cos f +cosa sinf .
The proofis left as an exercise. ® /
: sin a = half of the chord

Hint : subtended by an angle of

measure « in a unit circle.
sina =BP=BC/ 2.

jya-ardha (meaning chord-half in Sanskrit) with shortened form jiva
= jiba (in Arabic) with shortened form jb, later misinterpreted as jaib
- sinus (in Latin) > sine (in English)



Broken Chord Theorem

(Archimedes 3 century B.C.E.)
A, B, C are points on a circle with
centre O, with AB £ BC. If M is the
midpoint of the arc ABC and D is
the foot of the perpendicular from
M to BC, then D is the midpoint of
the broken chord ABC.

One consequence:
Subtraction Formula for Sine
sin(a—f)=sina cosf —cosa sinf .

The proof is left as an exercise.
Look at the same hint on half-chord in the case of
Ptolemy’s Theorem and the Addition Formula for Sine.



eil=cos@+1Sin0@ Euler's Formula (1740)
cos(@+@)+isin(@+¢)=e'0te)=¢ilglp
= (cos @ +15sin @) (cos ¢ +15sIn )
= (cos @ cos ¢ —sin @ sin ¢)

+ 1 (SIn @ cos ¢ + cos 0 sin @)
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science)

teaching sequence of trigonometry

7  historical development

BUT there are many touching points
and intersections, making an
integration of historical material
in the learning and teaching

of the subject possible and valuable.
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A more appropriate analogy is a composition
- of various themes (with variations)
like in a symphony.
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Glen van Brummelen,
The Mathematics
of the Heavens and
the Earth: The Early
History of Trigonometry
(2009)

Eli Maor,
Trigonometric
Delights
(1989)
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Trigonometria : sive de solutione triangulorum
tractatus brevis et perspicuus .
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+ 88 E R [Jean Terrenz] I8E (FEI)
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2| [E/\ 4R [E
OXAZBYO £_¥ i [ ehe A — .

T AOAT £3 & = &35,
BW 4= AT £l ¢ 4,
BW# YZ T, AT# XZ X 43

W 5 XZ = 1E5% (sine) YZ = 5% (cosine)
Z Y AT = 1IEY] (tangent) BW = &1 (cotangent)

OT = IEF] (secant) OW = #5#i (cosecant)
XA = IE%& (versine) YB = &4 (coversine)

versind = 1-—cosé@
coversin@ = 1—-sin@

Note: vercos # = 1 + cos 8 # coversin @

X O



ZIE/\4RE

OXAZBYO £_¥ i [ the A — .
I AOAT %% & = & 75,
BW 4 AT ] e &,
BW # YZ {7, AT 2 XZ X 3

4% B —
A v AZ = 1E5
BZ = &Rl

0
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Flidkir (L 5 [2Rz2 &V ]

T

7175 1 (W 1B /RIE)

b X
L
Area=ab Area=(a+Db)x %
— |
ab= (a+Db)x O
a http://ggbtu.be/m2812253
)
a—+b

J


http://ggbtu.be/m2812253
material-2812253-Square-Inscribed-in-a-Right-angled-Triangle.ggb
m2812253-Square-in-a-Right-angled-Triangle.html

Pl (L REWw) [2 =8 k¢ E]

717% 2 (FB) A4 499 P22
AREP Y,
m HAPE2Z 7 4
rF
. a:b:c=a;:b:c
b a,; c . (a+b) h
010y = (@, +by) by
d =a:X

e x=ab/(a+h)



2 3 a:b:c
B a, : by : ¢
a, : b, : ¢

S X, BMERAHEU=ATA
Mk, RE S HEEREZ.
BE, & TFapYPESEER
an1e] R 3B IS {EI S RE R ?




JOR)? FH o m(J)P FE

- ﬁ véb e o L
(F+HHE(37))
(1275)

Compare with Proposition 43 of Book I of Euclid's
Elements (ca. 300 B.C.E.), which applies more
generally to a parallelogram.



= a1ba, = asby.

Hence, albg = agbl, or ay : as = bl . bg.

= albj — abl.

Hence, a1b = aby, or a:ay =b: by.
by

= Since ¢® = a? + b?,c{ = a% + by, c3 = a5 + b3,

we have a:a1:a9=b:01 : b =c:cq: co,

or a:b:c=ay:b1:c1=a9:by:c
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Method of Double-

= A S 4

Difference [EZ={ili]
of LIV Hui [£{#]

in Haidao Suanjing

[ % § ¥ & Sealsland
Mathematical Manual ]
(3'd century) as illustrated
In Gujin Tushu Jicheng
[+ £ @2 &= Complete
Collection of Pictures and
Writings of Ancient and
Modern Times] (1726)



Given a, d, b; and by, how can we express h and [ in terms of
a, d, by and by ?

A

)%

Explanation by YANG Hui [#5#&] on the Method of
Double-Difference of LIU Hui [£l##] (1275)

) http://ggbtu.be/m2812113

[=];



http://ggbtu.be/m2812113
material-2812113-Liu-Hui-Haidao-Suanjing.ggb
m2812113-Liu-Hui-Haidao-Suanjing--.html

Aryabhatal

P BRI 5 g,

(c.476-550) g

Aryabhatiya g
(FrBRig 5 i ) -

Book 11, Stanza 16

The distance between the ends of the two shadows
multiplied by the length of the first shadow and divided by
the difference in length of the two shadows gives the koti.
The koti multiplied %y the length of the gnomon and
divided by the length of the (first) shadow gives the length
of the bhuja .




6rence F?ne,De re &
praxi geometrica (1556)

John Sellers, Practical |
Navigation (1672) | Attt fom e s

The invention of the cross-staff

(or Jacob’s staff) has been credited
to Levi ben Gerson (1288-1344).




HA & [E [Ming Antul]
(~ 1692-1763)

iR % &
(BIEHREE)
1839 (~1730-1763)
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by the French Jesuit
Pierre Jartoux (1669-1720)

Three methods transmitted

infinite
) 1839

series for « , for sine
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and for versine
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TRICRY - BITEAREE (1607)



“t+ EC =T (in modern terminology)
(#1#=2£ [Pierre Jartoux], 1701)

m = 3[1+ 12/(4. 31) + (1°. 3%)/(4%. 5')
+ (12, 32. 52)[(43. T1) + eee ]

(Isaac Newton, 1676) saac Newton =g
(1642-1767) B )

rsin(a/lr) =a-a3/(3!'r?) + a>/(5! r4)
—a’ (71 10) + oee
r vers (a/r) = a?/(2! r) — a%/(4! r3)
+ a%/(6! 1°) — eee

(James Gregory, 1667) sames Cregory (B B



7 = 3[1+ 12/(4. 31) + (12. 32)/(42. 5Y) + (12. 32. 52)/(43. 71) + o= |
rsin(a/r) =a—a3/(3'r2) + a3/(5! rY)y —a’ /(7! r5) + eee “kf & = #5
rvers (a/r) = a?/(2! r) — a%/(4! r3) + a%(6! r°) — eee
c=2rsina = 2a—(2a)%/(4.3! r?) + (2a)°/(42.5! r?)
—(22)7 /(437" r®) + oo
= rvers a = (2a)%/(4.2! r) — (2a)*/(42. 4! r3) + (2a)°/(43. 6! r°)
— (22)8/(4%. 81 r7) + oo e
2a = ¢ + (12. c3)/(4.31 12) + (12. 32, c5)/(42 5! %) :
+(12.32. 52, CT)/(43.71 15) + wee
a=rsina+ (12 (rsina)®/(3! r?) + (12. 3%) (r sin &)/(5! r4) + e

a2 = 2r2vers a + (2.1%) (2r vers a)?/(4!) “tt K JLAT,
+(2.12.22) (2r vers a)3 /(6! 1) + . IEBTERRAHR
(2a)2= (8b)r + 2.12(80)2 /(4. 41) + (2.12.22) (80)3/(42. 6! 1) + wee
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TG A ORI R -, AR T A2 15 B % HEe
AR A EAL M K KA TG 2 R 20 ) [0 s 4R 0 AR, M
If,ﬁiﬁﬂ‘.#‘ﬁmﬁk b4 e 15 ﬁﬁiﬁ#ﬂlﬂlﬁlﬁﬁi?ﬁ FELRE 2 1),

e TN RO, HE ST AT L, i A S TUBE, M3 ¥ & M JL T LA
SR [5ILA S L AT R ] 1 2 3K zfulJLMﬁif? - IR T
PR L KAL) W IO CBE A A% ) BUR R JCLAACKT LR K
BN | SV PA) N EF R eI LR SAARD G N - 1] LN e 4
O BN WAL B PU CU L AN ) AN JE A

KRR PGTEN A, T iy e Qe Al 20 P A AT 3 1= 775 08 M
AL 22 KR, AR L TR, Il R U E A 2 A fi 1]
Wik s AT R LE, HLAE WL AT AR, L 12 15, Wi A
500 Kz |, 38 08T 5, W ir it

YE 8400 M YitkdsE AbLoCIT

(BIEZERFEZTE)  BREFES, £RRSFHF, RREEF H AR, 1998.



& ﬁﬁﬁ?ﬁ»ﬁ?

i 11NN, HE ST AT LB, iy A K JUBE B3 ik A HE TLRR L
SR 0 15 00 DA et A W EE 3 AT OR ol i 7 ¥, AN Db Lk bR . - iR T
{12, (0 KH b % GO MR CE A G D BUR A JCRAACKT LR K
BTSS0S 4P N EE Lt e KL SR S N -1/ B i 7
D BN WAL EPY CU L AN ) AN JEf

Independent derivation without
knowledge of calculus,
which was not yet
transmitted into China at the time!




Through the Ge Yuan Mi Ld Jie Fa, Chinese
mathematics during the 18" century and the first part
of the 19" century appears to have been a lively and
productive discipline in which the Chinese did much

more than merely assimilate what they had been taught
by the Jesuits; they continued in the directions
determined by that teaching. It maintains a separate
identity, an independence characterized by its being
a synthesis between Western and
traditional Chinese elements.
Catherine Jami, Western influence and Chinese tradition

In an eighteenth century Chinese mathematical work,
Historia Mathematica, 15 (1988), 311-331.

Catherine Jami, Etude du livre “Méthodes rapides .
de trigonomeétrie et du rapport précis du cercle” B {
de Ming Antu (?-17657?), Thése de doctorat, Catherine Jami
Université Paris Xlll, 1985. EER




[Quick Methods for

Trigonometry and for
Determining the Precise
Ratio of the Circle]

1998

Luo Jian-jin
and friend,
Sanya, China,
2016 March.
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Kiehi & p iha ijfs +%sz, Wi A ERE
U?m?i%‘i‘?‘»“rp AT X R E L (Fi
HEL D, SALR R, s 202 2T RERY.

F11E HRE (FIBEZRRER) NEERK
8B, (RERETEGR) , D2 R, 2022.



i \_!‘,%Fg\?%“
FwF134 2R,
A I R s ki BN

fen B E o ﬂ%:%:é (F. Vieta, 1540-1603, ;= F

A) mf‘l%{»l‘\g‘ ‘

» + ¥2 (René Descarters,

1596-1650, /£ F A ) mﬁ’iﬁ A e 4ot 3 (Isaac

Newton, 1643-1727,% B

Leibniz 1646-1716, 18, &
K - 1 fs‘rB* 13' e R T3

AY~&F R 3% (GW.
L) i A 390 1,
‘%ff_ -ﬂtbf—l‘%f«ﬁ" \:’ﬁ]&
X @ ek i1 ?"8"71’«
#*M"Lmlﬁﬁ% ﬁr\@

BxE Zbﬁﬁ;‘ﬁ-ﬁ‘_,%* Ao 5938~ BcFF B ehd U,

F11E HRE (FIBEZRRER) NEERK
8B, (RERETEGR) , D2 R, 2022.
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F12E A E. BRBREVISWRAELEER
ERS, (PERETEGR) , D2 R, 2022.




(c. 1692-1763) B  (1805-1860)

TE 22 3% (1789-1850) Z==£F5 (1811-1882)

B35 (1791-1823) 813 (1819-1869)
%4F T (1800-1860) B %} (1823-1864)
#E 5+ (1833-1902)

F12F REE. BREVISEIRBERBRR
ERS, (PERETEGR) , D2 R, 2022.




g, —ANR=ARIFTRZRIR, AE#5512(10)
(1927), 1245-1393.

=g, BEERZEIENTTHR, AELE7£:512(11) (1927),
1487-1520; 12(12) (1927), 1721-1766; 13(1) (1928),

53-102; 13(2) (1928), 200-250.
=g, PERZF G, AIE#:13(9) (1929),
1139-1172; 13(10) (1929), 1349-1401.

Li Yan [Z=1{E]
(1892-1963)

Chen Jiang-ping [BE#E J¢], Trigonometric tables: explicating
their construction principle in China, Archive for History of
Exact Sciences, 69 (5) (2015), 491-536.



IAZEE (FIBEREE) S="K sin 20 HHRFEX
BFE%3IR 7 Catalan Numbers (Leonhard Euler, 1751;
Eugene Charles Catalan, 1838).

B == [ & F Y 77 0%, TR RERAE,
BE—EL T E R, EHEEH
ERKBEFAT, BAEFTRITIRA
K77 EEBAEE.

[EEEHFHIRFERUBREAZREBANIG S, A2 HRE
EERWE R, MEMEZBE VR, REEMARKERE
B A FIERSEIM TR, A SO BEFEER R K.

ER, ESEEEIS AN KSINEREEER, ERERE.

RETANFHTEGFEZE. BAiit, FRABELENABAEFE
HEZRR SEHBEERE NEERNER, SEKEFEE,
HERXETEE ST, 4 8BS IERIRR.
(RS, (hPEXRETEGE) , 2022.)



One interesting result by Ming Antu:

Sin 20 = 25— C;s3/4°— C, /41— C;87 /42— C, 7 [43— e
where s =sin §, and C; = i t" Catalan Number

=G /(1+1).
C,=1,C,=1,C=2,C,=5,C.=14,C,=42,C, =132,
Cg=429, Cq= 1430, C,;= 4862, o .

“ P.J. Larcombe, The 18" century Chinese discovery of
the Catalan Numbers, Mathematical Spectrum, 32 (1)
(1999/2000), 5-7.

v RS, HRERFEBSNHASE, ARG ALELEHK
E AR 19 (2) (1998), 239-245.




€

=

B B 73 X

4

£E) « B=



AC 1 BD.

Make BC = BG. Let
the angle bisector of
£ BAC cut the
circular arc at E.
Join BE and produce
to make BE=LE.
Join LC and produce
to make LC = MC.
Note that LM JEF
(by Midpoints
Theorem).

A So. ABLC = A BMC.

Hence, 2« MCA = 2 EAC = 2a..
Note that 2 ACB = 2 MCB — 2 MCA = /2 — 2a.

Hence, lz MBG = a, A BMC = A BMG, and MG 1 BG.



Make BG = BC and
DH = DC.
A ABE ~ A BCG.

A/ABE~ABEFand
ABCG ~A CGH.

Hence, AB : EF =BC : GH,
so GH = (BC. EF)/ AB.
BD =BC + DC - GH

A = 2BC — (BC. EF) / AB.




Basic Lemma (Continued Proportion
of sides of an isosceles triangle)

[..] AFEAELEHIE—F[..]

A% E (EIEZRER)




Make BG = BC and
DH = DC.
A ABE ~ A BCG.

A ABE ~ A BEF and
A BCG ~ A CGH.

Hence, AB : EF =BC : GH,
so GH = (BC. EF)/ AB.

| BD = BC + DC — GH

A = 2BC — (BC. EF) / AB.

A ABC ~ A BCI.

Hence, AB : BC = BC : Cl, so Cl = x2 where ECIEN.
AB:BC:Cl=1:x:x?.

A ABE ~A BEF ~A EFJ ~A FJK.

Hence, AB:BE:EF:FJ:JK=1:p:p?:p:p*whereBE=p.




Make BG = BC and
DH = DC.
A ABE ~ A BCG.

A ABE ~ A BEF and
A BCG ~ A CGH.

ence, AB : EF =BC : GH,
so GH = (BC. EF)/ AB.

, BD=BC+ DC-GH

A = 2BC — (BC. EF) / AB.

AB:BC:Cl=1:x:x?where BECEN.
AB:BE:EF:FJ:JK=1:p:p?:p3:p*whereBE=p.

Hence,] BD



C
/ \. - Kite ABEC ~ Kite BLMN.
M (R \
0
& / \
SR L
<" Hence, AB : (BE + CE)
: = BL : (LM + NM).

But CE = BE = LE,

so BE + CE =BL.
Also, LM + NM = CI + JK (Exercise)
Therefore, AB : BL =BL : (Cl + JK) ,
soAB:BL:(Cl+JK)=1:0:¢?.
Therefore, x2=CI = (Cl + JK) — JK = ¢? — p*.

Hence, we havelx? = qg°-g*/16}, sinceq=2p .




x*=x2. x2= q*— 208 /4% + g8 /4*.

X142 = q* /42— 2q° /44 + q° /4°.

X8 = x2. x4 = - 308 /42 + 3q10/44 — 12 /48,

BD =2 sin 260
2x8 /44 = 205 /4% — 60° /45 + 610 /48 — 2q12 /410, el
X8 = X2, x5 = (F— 4q1°0/42 + 602 /4* — 4™ /4°+ 6 /48, ik

5x8/4% = 50°/4°— 2019 /48 + 3092 /410 - 2094 /412 + 516 /414 | etc.
Hence, X%+ x*/42 + 2x5 /4% + 5x8 /45 + oo = (7,
or °=C x?+C,x4/4? + C,x0/4%+ C, xB/4° + ...

= (4/IX)[C x4+ C,x2[43 + C x4+ C x24T + o],
or Xq?/4 =C x3/4+ C, x2 /43 + C X 4°+ Cy X347 + «ee,
or xp?=x(g/2)?=C, x3/4 +C, x> /43 + C,xX" /4> + C, x%/4" + «ee = GH,
BD=2BC-GH=2x-C, x3/4-C, x2/43 - C,; X" [4>— C, X /4" — e .
l.e.|sin20=2s-C,;s3/4°- C,s° /41— C,57 /42— C,S° /43— e, s = SiN O = X/2
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period = 21T

— - -
IE ™

]amplitude:’l

Zn - 0 A ] I

sin: R — R is a periodic

function on the real line
R with period 2 (radian).




0’ 8 12° 18 | 24° 30° 36’ .
X X Deg. sin x
00.0 00.1 00.2 00.3 00.4 00.5 00‘6 ;o
Why we like r 0
0°} 0-0000 | 0017 0035 0052 | 0070 0087 0105 tO uUse radian 0-00 0-00 0
1 | 0175 | 0192 0209 0227 | 0244 0262 0279 '312 2?; '31288
2 | -0349 | 0366 0384 0401 | 0419 0436 0454 - . . .
3 -0523 | 0541 0558 0576 | 0593 0610 0628 measure 1n : -03 1-72 -0300
4 | -0698 | 0715 0732 0750 | 0767 0785 0802 mathematics .04 2.99 0400
5 | 0-0872 | 0889 0906 0924 | 0941 0958 0976 .
6 | 1045 | 1063 1080 1097 | 1115 1132 1149 at a higher 0-05 2:86 | 0-0500
7 | 1219 | 1236 1253 1271 | 1288 1305 1323 s 9 -06 3-44 0600
8 1392 | 1409 1426 1444 | 1461 1478 1495 level. - ‘07 4-01 0699
9 | 1564 | 1582 1599 1616 | 1633 1650 1668 .08 458 0799
‘09 516 0899
010 573 | 00998
-11 6-30 1098
= 12 6-88 1197
R 1S the set of real numbers. 13 | 745 | 1206
‘14 8-02 1395

SIN . R = R
sin X = sine of angle of

measure X (In radian) sin X = SIND(180x/x)
SIND: R= R

SIND x = sine of angle of
measure X (In degree)  SIND x = sin(mx/180)



Can the Taylor series expansion
produce good approximation to

all kinds of functions?
What can be done If it does neot ?

For instance, how can we
handle a function like
f(X)=1on [kx, (k+1)7]

If kis ...,-6,-4, -2, 0, 2,
4,6, ...

f(X)=-1on [kr, (k+1)x]
Ifkis ...,-5,-3,-1, 1, 3,

SR




Fourier series expansion

3

(!

y = fu(z)

jn =T 0 T am t :

2km <z < (2k+1)7 _
y 1 2km <z < (2k + 1), (ke)
-1 (2k - 1)w <z < 2km.
-
4 = 4 o 4 y = 4 ) =4
In(z) = - sin(x) + gsm(Sx) + asm(am) + ...+ ﬁam@ax)
®
n=13

OfA0
https://ggbm.at/9859942 %


https://ggbm.at/9859942




AN

AL
o

/‘//;;////7/971/7/7f ufto .

BATEE RERBEEER R

- ﬁ?;kgf*;f‘aii;&%ﬁ le . RETHE {HIRE
RBEEIEEERIFITR RE

B B (RSO RARIETA 4% mRA
n‘la%z I:E.R_.l-EIJJ%r-, kéﬁj Eﬁ%ﬁ-
H%ﬁu—ﬁﬁ%
o

R R Y 2R N
2 :ﬁ%ﬁﬁ@ﬁ%ﬁ%%Eﬁ%’



‘ C)
|

Tl

%7'%:

:Iml_

(73 . 06‘ Qg
7 T :
////////////7/7/7 i ) M Jf’l‘*\\\\\\\\\

AR
IBE!

V4 {Tﬁ

Eiglgﬁ%
ER1E

EYEY
AR

ER Z B (MR F B EEM)RETFA
n\la%z I:E.R_.l-EIJJ

PR, #iE Bl FFEE

IRARER LT EENR? (BR7ERVER

= FE {(BIRTE

o 55 i [

gy
ok

_%B g_l:mm“%f

EEE

E B4R

ER)

1 [E 3540

J:mu%?)



Theorem.
If a triangle has its angles @, , 8, , 8, all of
measure a rational multiple of &, and If the
sides £, £,, €5 are In the ratio
2.4, €,=d, :Vd, : Vd,,

where d,, d,, d; are positive rational
numbers, then the triangle must be one of
the four shapes with angles (4, , 6, , ;)
[with 0 < 8, < 0,< 0, < 7] among the set

{(7/3, 7l3, 7/3), (7/4, n/d, 7/2),

(76, =/3, 7/2), or (7/6, #/6, 27/3)}.




Lemma 1. If @ is a rational multiple of z, and

If cos @ 1s a rational number, then
cos 6 € {0, £1, +1/2 for some positive integer k}.

Lemma 2. If #is a rational multiple of z, and

If cos @ 1s a rational number, then
cos 8 € {0, £1, + %},

Lemma 2 follows from lemma 1.
To prove Lemma 1 we need to
express cos né in terms of cos 6.
One way to achieve this task is
by making use of de Moivre’s

Abraham de Moivre Theorem.
(1667-1754)




e'?=cos@+isin@,socosnd+isinnd=enl=(eld)"

=(cos@+isin ).
Put s =sin @, and c = cos . By equating the real part,
we havefcos n@ =

2 @2 -4 o4 -6 <6
ch-,C,cesc+ C,cm*s*- C,CcM°s® + etc.
c"-,C,c?[1-c?]+,C e 1 -c?)?

- Ce €O [1 - ¢?]° + etc.
Therefore, we obtain

CoS N@ =

[PREE 2 iRt Cr [(Goss@)b 5= (B~
=20 cosil) Lt ()4

If niseven;
COS N@ =

[ Gk Co s+ ERCo 2 16G0S @I+ Lk (0)
=2"1(cos O)" + ... + (0) If nisodd.



Proof of Lemma 1

Suppose ¢ = (m/n) z where m and n are integers, then cos n@ =cos m =
= %],

Hence, cos @ Is a root of the equation

201 x"+ ..+ [(-1)"2 £1]=0 ifniseven,
or 2"ix"+...+[(0)%1]=0 If nisodd .
Suppose furthermore cos ¢ = p/q where p and q are integers, then g is
a factor of 2", and p is a factor of 0, £1 or +2. Hence, cos @ must be
of the form 0, +1 or £1/2K for some positive integer k.

Proof of Lemma 2

Note that both # and 26 are rational multiples of 7, and that
both cos @ and cos 20 = 2(cos 8)? — 1 are rational numbers.
Hence, by Lemma 1 both cos # and cos 260 must be of the form
0, +1 or +1/2 for some positive integer k.

Since cos 20 = 2(cos )% — 1, what can only happen is that k does
not exceed 1, that is, cos & must be of the form 0, +1 or £1/2.



Proof of Theorem

Let us focus on each of the angles 6, 8,, 65in turn, say
@, , which for convenience will be denoted as 6. Then
cos 0 = [,%+8;2- £, % ]/[20,L,]

so that (cos 6)?is a rational number, because
0,:0,: 0, =d, : Vd, : Vd,, where d,, d,, d, are positive
rational numbers. Hence, cos 260 = 2(cos #)° — 1 is also a
rational number. But 26 is also a rational multiple of z.
By Lemma 2 we see that cos 260 € {0, +1, + 2}.
Note that 0 < 20 < 2z because 0 < § < z. Hence,

-0 €{nl6, nl4, nl3, n/2, 2nl3, 3nl4, 5x/6}.
This is true for all 8., 8, , 8; with 8, + 6, + 6, = &, hence we
conclude that (8,,6,,0;) [with0<8,<<6,<60,<n]
IS among the set
{(7/3, =/3, =l3), (7/4, nld, =/2), (nl6, 7/3, 7/2), (76, 76, 27/3)}.
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