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2000 BC 1500 BC 1000 BC 500 BC 1AD 500 1000 1500 2000

I Xi: 2070 BC - 1600 BC
Shang: 1600 BC - 1050 BC
I \V estern Zhou: 1050 BC - 770 BC
I ¢ astern Zhou: 770 BC - 256 BC
[ 1Spring and Autumn Period: 770 BC - 476 BC
[ Warring States Period: 476 BC - 221 BC
I Qin: 221 BC - 206 BC
I Western (Early) Han: 206 BC - 9 AD
[ Wang Mang Interregnum: 9 AD - 25 AD
[ £astern (Later) Han: 25 AD - 220
[l Three Kingdoms: 220 - 265
[l Western Jin: 265 - 317
[ Eastern Jin: 317 - 420
Il Southern and Northern Dynasties: 420 - 588
| WSui: 581 -618
I Tang: 618 - 907
W Five Dynasties Period: 907 - 960
I Liao: 916 - 1125
I Northern Song: 960 - 1127
Bl Jin: 1115 - 1234 ‘
I southern Song: 1127 - 1279
[ Yuan: 1271 - 1368 |
I \iing: 1368 - 1644
| I Qing: 1636 - 1911

Chinese Dynasties
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( 1862-1943 ) 1928 & & &, +
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M.K. Siu, Zhi yi xing nan (knowing is easy and doing is difficult) or
vice versa? — A Chinese mathematician’s observation on HPM
(History and Pedagogy of Mathematics) activities, Chapter 2 in The
First Sourcebook on Asian Research in Mathematics Education:
China, Korea, Singapore, Japan, Malaysia and India, edited by B.
Sriraman et al, Information Age Publishing, Charlotte, 2015, 27-48.
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M.K. Siu, Zhi yi xing nan (knowing is easy and doing is difficult) or
vice versa? — A Chinese mathematician’s observation on HPM
(History and Pedagogy of Mathematics) activities, Chapter 2 in The
First Sourcebook on Asian Research in Mathematics Education:
China, Korea, Singapore, Japan, Malaysia and India, edited by B.
Sriraman et al, Information Age Publishing, Charlotte, 2015, 27-48.



M.K. Siu, Zhi yi xing nan (knowing is easy and doing is difficult) or
vice versa? — A Chinese mathematician’s observation on HPM
(History and Pedagogy of Mathematics) activities, Chapter 2 in The
First Sourcebook on Asian Research in Mathematics Education:
China, Korea, Singapore, Japan, Malaysia and India, edited by B.
Sriraman et al, Information Age Publishing, Charlotte, 2015, 27-48.
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M.K. Siu, An excursion in ancient Chinese mathematics, in
Using History To Teach Mathematics: An International
Perspective, edited by V. Katz, Mathematical Association
of America, Washington D.C., 2000, 159-166.
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Perspective, edited by V. Katz, Mathematical Association
of America, Washington D.C., 2000, 159-166.
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M.K. Siu, An excursion in ancient Chinese mathematics, in
Using History To Teach Mathematics: An International
Perspective, edited by V. Katz, Mathematical Association
of America, Washington D.C., 2000, 159-166.
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Squid, ... Once during an
excursion to the east, King Qin
dropped a counting rod bag in
the sea. The bag turned into this
fish [squid] with a shape
resembling a counting rod bag
with two long strings.

Duan Chengshi, Book 17, Youyang Zazu
(9th century)
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Mathematical Manual]), 4t"/5t" century.
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Canitmean 4 3 0 07

R R -
+ %@ 42 o | (All calculators

[who manipulate counting rods] sit
upright with the right knee signifying

the unit position.)
(3c%.E £ ) [Dunhuang Manuscript
on Arithmetical Calculation],
4th— gth centuries
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3 7 1 7 1
(1) (2) (3)
2 9 1 7 2 5 4 6
+ 3 7 1
2 9 1 7

(4) ()

Addition [implicitly explained
in Sunzi Suanjing (33 & &
[Master Sun’s Mathematical
Manual]), 4th/5th century.]



3 7 1 7 1
(1) (2) (3)
2 5 4 6 2 9 1 7
— 3 7 1
2 5 4 6

(4) ()

Subtraction [Implicitly
explained in Sunzi Suanjing
(353 E & [Master Sun’s
Mathematical Manual]),

4th /5t century.]



7 2 3 9 7 2 3 9 7 2 3 9 2 3 9
1 4 1 6 1 1 6 1
2 3 3 2 3 2 3
2 39 3 9 3 9 9
16 5 6 1 6 5 6 1 6 6 2 9 1 6 6 2 9
2 3 2 3 2 3 2 3
9 7 2 39
16 6 4 9 7 1 6 6 4 9 7 X 2 3
2 3 1 4
2 1
4
6
6
9
1 8
2
1 6 6 4 9

Multiplication explained In
Sunzi Suanjing (33 £ &
[Master Sun’s mathematical
manual]), 4t"/5t" century




(9)

6 5 6 6 2 6 1
9 9
(1) (2) (3)
7 2 2 7 2 9
2 6 8 8 1
9 9 9
(4) (5) (6)
7 2 2 7 2 9
9) 6 5 6 1
6 3
(7) (8) 2 6
1 8
8
8
Division explained In
Sunzi Suanjing (3% ¥+ & &

[Master Sun’s Mathematical
Manuall), 4th/5t century.



Hong Kong
Definitive Stamp
(Issue on
October 14, 2002)
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A diagram of the A Priori (Natural) Hexagram
Order (FEXRZ"THERF) in Yijing (Z# Book
of Changes ) sent by the Jesuit Father
Joachim Bouvet to Gottfried Wilhelm Leibniz
In 1701. Bouvet was struck by the similarity
this bears to the binary system of arithmetic
developed by Leibniz.



Jiuzhang Suanshu
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(Nine Chapters on
the Mgthematlcal Art) R
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Suanshu Shu (¥ &% )
' (Book of Numbers and

Computation)
ca. 200 B.C.E.
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Suanshu Shu (¥ #2 ) (Book of Numbers and
Computation), ca. 200 B.C.E.
Excavated in Zhangjiashan in Hubei Province in
1983



(1 % 5 ) Jiuzhang Suanshu (Nine Chapters
on the Mathematical Art), compiled between 15
century B.C.E. and 15t century C.E., with 246
problems grouped into nine chapters.
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Epitome Arithmeticae Practicae
[literally meaning “abridgement of
arithmetic in practice”] compiled
by Christopher CLAVIUS, 1583.


http://upload.wikimedia.org/wikipedia/commons/3/35/Christopher_Clavius.jpg

Tongwen Suanzhi [ < ¥ 45,
literally meaning “rules of
arithmetic common to cultures”]
compiled by Li Zhi-zao (% 2 &)
and Matteo RICCI ($13% § ), 1613.
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| Across the seas of the
East and the West the
mind and reasoning are
the same. The difference
lies only In the language
and the writing. ]

Li Zhi-zhao (% 2. &), Preface to
the reprinting of Tianzhu Shiyi
(1R RERA]

Tianzhu Shiyi [The True Meaning of the Lord of Heaven
% 3 R &] was written by Matteo Ricci (/35 § ) and
printed in 1603 in Peking.
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Jiuzhang Suanshu [1 % & # Nine Chapters
on the Mathematical Art]
ca. 100 B.C.E. — 100 C.E.

Commentary on Jiiuzhang Suanshu
by LIU Hui [%| k]
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METHOD ANSWER  PROBLEM
COMMENTARY (EXPLANATION)

GUO Shuchun (3% % %), Jiuzhang Suanshu
Yizhu [1 % ¥ j#¥i#/1 Translation and
Annotation of the Nine Chapters on

Mathematical Procedures], 20009.



« Variation Theory in
teaching/learning
(Ference Marton
and his team)

< Blansi/ method [ % ;%]
In teaching/learning
(Gu Ling-yuan
[BE /4 7] and his
team)
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Given two out of the nine quantities
a,b,c,a+b,b+c,a+c,b—a,

C —a, ¢ — Db, calculate the remaining ones. ¢
(The problems refer to those In . P
Chapter 9 of Jiuzhang Suanshu. )
c>b>a

QOa b Problem 1, 5.
®a c Problem 2, 4.

a, a+b| O
©® a b+c Problem 13.

a, a+c| @ |Problem14.

a, b-al @

a, Cc-al @
Ola c-b Problem 6, 7, 8, 9, 10.




b, ¢ @® |Problem 3.
b, a+b| O

b, b+c| @

b, a+c|©

b b-al O

b c-al O

b c-b @

C, a+b

¢, b+c| @

¢, a+c| @

C, b —a Problem 11.
¢ ¢c-a @

¢ ¢c-b @




a+b, b+c
a+b, a+c| @
a+b, b-al @
a+b, c-al @
a+b, c-b| @
b+c, a+c
b+c, b-a| O
b+c, c-a| @
b+c, c-b| @
a+c, b-al ®
a+c, c—al @
a+c, c—-b| @
b-a c-a
b-a ¢c-b|©
c—a c-b|©® |Problem12.




Given two out of the nine quantities

a,b,c,a+bb+c,a+c,b-a, b C
Cc —a, ¢ — b, calculate the remaining ones.
a
c>b>a
QO |a b Jiuzhang Suanshu
O |a C Jiuzhang Suanshu
© | b+c |Jiuzhang Suanshu
O |a ¢ —b |Jiuzhang Suanshu
® | a+b |Zhao Shuang (3rd century)
O | b —a |Jiuzhang Suanshu
@ |atb, b+c |Xiang Mingda (1825)
® |b+c, a+c |Zhu Shijie (1299)
©® |c-a c-b |Jiuzhang Suanshu




Together with a, b, c, a + b,
b+c,atc,b—a c—a,c—Db,
there are 13 quantities, with
/8 combinations two chosen
at a time. LI Rui reduced
these to basically 25 types and
treated all of them.

8t (DAIEHTAEIE) (1806)



< Problems 1 to 14
Solution of aright triangle

(In-Out Principle — dissecting and
re-assembling suitable pieces)

«» Problems 15 and 16 *
Inscribed square or circlein a
right triangle

(In-Out Principle / Bilu [rates] between
sides retained)

<+ Problems 17 1o 24 *
Surveying problems involving

a right triangle
(application of Bilu [rates])

* Problems 14 and 21 actually deal
with Pythagorean triplets.
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\  Als jij m/v ook vinde dat het aardige van

\\ een probleem niet het probleem is, maar

“\ juist de oplossing, dan kon je wel eens
precies bij Eiffel passen. Kaarsrecht op

/ de oplassing af, hoe ogenschijnlijk

ingewikkeld de materie ook is. Treed je toe

tot Eiffel, dan weet je je omringd door topalent
Gedreven om procesverstoringen bij toonaangevende
opdrachtgevers in kaart te brengen en op te lossen
Projectmatig of via hoogwanrdige detachering

Op financiecl/adminidratiel gebied, controlling &

administeaticve organisatie, juridische dienstverlening,

Gedreven
Juristen:

Speciaisten voor de gebleden Arbeidsrecht. Verzekeringsrecht,
Ordening. L] Solficieer via

wwwceitfelnf of scheiftelifh o.vy 2. 04C3
Regio R'dam:  Postbus 819, 3000 AV Rotterdam

ta. mr. Gert Kiaij. (010) 282 16 02
Reglo Utrecht: Postbus 19127, 3501 DC Utrecht

La.x. me. Monique Noomen-Greve. (030) 298 21 58
Reglo Arnhem: Postbus 3142, 6802 DC Arnhem

ta.x. mr. Karin Veltstra, (026) 351 77 00

555542LFE

In beaenstasnde Wer
i de raam Eiffel vier cifers. Kun [§ achterhalen weihe cifers dat rin?

enieuwd
ing?

jecten IT en o I y. In de
Divisies Handel & Industrie, Banken & Verzekeraars
en Overheid & Non-Profit. Kies je voor Eiffel, dan
kies je voor uitdaging én afwisseling. Eiffel vraage veel
van je, manr biede dat ook. Vakgerichte tminingen en
coaching plus het unieke Persoonlijk Opleidings Plan!*
Je bent 27-35 jaar en toe aan die grore volgende stap
naar boven. Met Eiffel. Uiternard heb je¢ HBO- of
academisch denkniveau en ben je con echre
reamspeler. Overigens zijn de ware high potential
starters ook welkom. Want toe aan de volgende stap?

Het Eiffel Effect. Dat is veagen om oplossingen

HET EIFFEL EFFECT. DAT IS VRAGEN OM OPLOSSINGEN.

www.eiffel.nl

Eiffel is gevestigd in Rotterdam, Utrecht en Arnhem en info@eiffel.nl

hw\wbm e Frnuncieel- Econominch en Econnmuch-jurdische sken. En wient progecten uit hen drie divisses: Handel & Industric, Banken & Versekerann, Overhesd & Non-Pvfie. Mer als bor
mtrolhng & Adminatratieve Ovgsnse, Juridische Dvenseverlening, Implementat

ABN AMRU Ceneraal Bcheer. KLM, Heineken, Nutreca, Fortis Amev, Gemeenten

Eifled s |

sdctivmeen. Finan el Admneraned
sejecten T en Consony I\mmm“mhmﬂmhmpm\nn&mv-n:-m R klaeeen as
{Oen B Minnrerse B

landse Zaken/Verkeer & Watersuuar, PGGM, Provincie Usreche, Schiphol

ApR.27. 1999

Recruitment advertisement in a
magazine in the Netherlands,
April 27, 1999
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Cirkels vormen acht rien van drie. Kun f§ ten marier bedeaken waarop de
Cirkets tien rien van rie vormen

2l ]
o]
el o

| N N
(=J-
oS
Hoo
o N

L
E

oW wv
ocon

4
555542LFE

en jij ook altijd zo benieuw

naar de ontknoping?

\

\  Als jij m/v ook vinde dat het aardige van

\-\ een probleem niet het probleem is, maar

“\ juist de oplossing, dan kon je wel eens
precies bij Eiffel passen. Kaarsrecht op
/'/ de oplassing af, hoe ogenschijnlijk

ingewikkeld de materie ook is. Treed je toe

tot Eiffel, dan weet je je omringd door topalent
Gedreven om procesverstoringen bij toonaangevende
opdrachtgevers in kaart te brengen en op te lossen
Projectmatig of via hoogwaardige detachering

Op financiecladminidratief gebied, controlling &

administraticve orgamisatie, juridische dienstverlening,

Gedreven
Juristen:

Specialisten voor de gebleden Arbeldsrecht, Verzekeringsrecht,
Ordening. L] Solficieer via

wwwceitfelnf of scheiftelifh o.vy 2. 04C3
Reglo R'dam:  Postbus 819, 3000 AV Rotterdam

La.x. mr. Gert Kiajj. (010) 282 16 02
Reglo Utrecht: Postbus 19127, 3501 DC Utrecht

ta.x. me. Monique Noomen-Greve. (030) 298 21 58
Reglo Arnhem: Postbus 3142, 6802 DC Arnhem

ta.v. mr. Karin Veltstra. (026) 351 77 00

n bvenstasnde e
in e nasm Eiffel vier cifers. Kum j achterhalen weike cifers dat i)
o
°

| y. In de
Divisies Handel & Industrie, Banken & Verzekeraars
en Overheid & Non-Profit. Kies je voor Eiffel, dan

pleme jecten IT en o

kies je voor uitdaging én afwisseling. Eiffel vraage veel
van je, manr biedt dat ook. Vakgerichte triningen en
coaching plus het unieke Persoonlijk Opleidings Plan'*
Je bent 27-35 jaar en toe aan die grore volgende stap
naar boven. Met Eiffel. Uiternard heb je¢ HBO- of
academisch denkniveau en ben je con echre
reamspeler. Overigens zijn de ware high potential
starters ook welkom. Want toe aan de volgende stap?

Het Eiffel Effect. Dat is viagen om ophsssingen

HET EIFFEL EFFECT. DAT IS VRAGEN OM OPLOSSINGEN.

www.eiffel.nl

wtrodhng & Adminetratieve Oganssnse, furidische Dwenseverlerung,
ARN kMRU Centraal Beheer. KLM, Heineken, Nutrec, Fortis Amev, Gemeenten

Eiffel is gevestigd in Rotterdam, Utrecht en Arnhem en info@eiffel.nl
Eidl b desveenes e Finunciecl-Econominch en EconnmischJursdische saken. En woert preyecten wi hineen die divisis: Handel & Inchstrie, Banken & Versekerasn, Overhesd & Non-Piviit. Mer als hokdacrivinesers: FinancieelAdminiseratiel
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Now given a bamboo 1 zhang
high, which is broken so that
its tip touches the ground 3
chi away from the base.

Tell: what is the height of
the break?

Jiuzhang Suanshu
b C Chapter 9,
Problem 13.

d

The problem also appeared (with
different data) in Bhaskara’s
Lilavati (12" century) and
Calandri’s text (15 century).
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Givenaandc + b,
calculate b.

-

d
Solution by a school pupil of today
LetL=c+Db,thenc=L-b.
But a® + b° = ¢? = (L — b)?
=L2-2Lb + b2
so a’=L?%-2Lb,
or 2Lb=1L?%-a?,




b . Givenaandc+b,
calculate b.

a

http://ggbtu.be/m2772025

L



http://ggbtu.be/m2772025
material-2772025-Jiuzhang-Suanshu--Chapter-9-Problem-13.ggb
m2772025-Jiuzhang-Suanshu--Chapter-9-Problem-13.html

Two persons A (Jia) and B (Yi)
stood at the same spot. In the
time when A walked 7 steps,
B could walk 3 steps. B
walked east and A walked
south. After 10 steps south 4
turned to walk in a roughly
northeast direction to meet B.
How many steps had each
walked (when they met)?

b Given
(@a+c):b=7:3
. and a = 10,
calculate b and c.
Jiuzhang Suanshu

Chapter 9 , Problem 14.



- b Given(a+c):b=7:3
3 and a = 10, calculate
C
b and c.

Solution by a school pupil of today

a=10, 3(a+c)=7b and c*=a*+ b*.

9
Therefore c¢*=a*+ @+ c)?

_ 9 2
=100+ (10 + 02,

or 49 ¢ =4900 + 900 + 180 ¢ + 9 2,
40 ¢ = 5800 + 180 ¢,
2c¢2-9¢-290=0.

Hence, ¢ =14 % or - 10 (which is an

inadmissible root) .




The solution actually
yields a method to
construct Pythagorean
triplets!

a:b:c
=(m?-n?) /2:mn:(m?*+n?)/2

where (a+c):b=m:n.

e

http://ggbtu.be/m2754837

J


http://ggbtu.be/m2754837
material-2754837-Pythagorean-Triples.ggb
m2754837-Pythagorean-Triples.html

<+ Problems 1 to 14

In-Out Principle

< Prohlems 15 and 16
Inscribed square or circlein a

right triangle

(In-Out Principle / Bilu [rates] between
sides retained)

<+ Problems 17 1o 24

BilU [rates]

LI Jimin (% #RF), ({4 E#) 2 # flikiieryg
[Study on Jiuzhang Suanshu and its
Commentary by Liu Hui], 1990.



| Jiuzhang Suanshu
| [ % %= compiled
o between 100 B.C.E.
Yl and 100 C.E]
Chapter 9,
Problem 15.

o EEERSARFR

Now given a right-angled triangle
whose gou is 5 bu and whose gu is
12 bu. What is the side of an
inscribed square? The answer is 3
and 9/17 bu.



Jiuzhang Suanshu [1 # & #, compiled between

100 B.C.E. and 100 C.E. ], Chapter 9, Problem 15.

T I T'EF%@M el 4] . .

szl g iantdnl gt 8] Now given a right-

3| (i o A 5 led triangle wh
sipimmed esienm mn 3| angled triangle whose
e aprea s B8 M 1 ooy is 5 bu and whose
o e T .

¥ ianodgm| (mpad s (x| 0| gu is 12 bu. What is the
ol VB aS | |epmeanial (B B, . .

;{;ﬁg it 2 b %’Z? gi}*g i ;! side of an inscribed
RE R wE it sl x| 1) square? The answer is 3
- el P  P d9/17 b
| B : 37e i ﬁ@ BRe a2 | an / u.

2 o N e =i )| B iR B,

Method: Let the sum of the gou
and the gu be the divisor; let the
product of the gou and the gu be
the dividend. Divide to obtain
the side of the square.

A

w \C (xian)

(qu) a

B~ (gou)b



Commentary by LIU Hui (] #%)
[mid 3 century]

Method 1 (dissect-and-re-assemble)

X
X

b X

Area=ab  Area=(a+hb)x
ab= (a+b)x

L= | http://ggbtu.be/m2812253

J

Method 2 (ratio and proportion)
—coming in a minute !


http://ggbtu.be/m2812253
material-2812253-Square-Inscribed-in-a-Right-angled-Triangle.ggb
m2812253-Square-in-a-Right-angled-Triangle.html
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Now given a right-angled
triangle whose gou is 8 bu and
whose gu is 15 bu. What is the
diameter of its inscribed circle?
The answer is 6 bu.

Jiuzhang Suanshu
[1 & & #F, compiled between
100 B.C.E. and 100 C.E.]

Chapter 9, Problem 16.



2r(a + b+ c¢) = 2ab

2ab
a+b+c

cld=2r =

http://ggbtu.be/m697695



http://ggbtu.be/m697695
material-697695-Incircles-Radius-of-Right-Angled-Triangle.ggb
m697695-Incircles-Radius-of-Right-Angled-Triangle-by-LIU-H.html

Alternative proof of the formula in Problem 15 of
Chapter 9 of Jiuzhang Suanshu (L1U Hui)

“To the top and to the right of the
square there appear respective smaller
right triangles. The relations between
their sides retain the same rates as in
the original triangle .”

AP SR 2ZAREP NG
WomHIPEIZF I L XAFL o

a:b:c=ay:b1:¢c1=as:by:co.
a+b a;+b a

Hence, ; b =
~ab
v a—+b
- a  ax @ T
o a—l—b_ag—l—b2_77
. - ab
I o t= +p i
Exercise : Find a similar proof for the formula
o 2ab
- a+b+c

in Problem 16 of Chapter 9 of Jiuzhang Suanshu.



Alternative proof of the formula in Problem 16 of
Chapter 9 of Jiuzhang Suanshu (L1U Hui)

bo €2
T as
C1
r Ql
a aq

~ F ¥ ENAERE B
~ 32 fi\'-'.lL j §5£
g 2o~ B2 )

2% 0 ¥ FE

v e N
A\ g
[ <pd
N

O

“Draw a zhong xian [middle
hypotenuse] through the centre
to observe the availability of
[useful] synthesis. There appear
respective smaller right triangles.
The smaller gou on the gu and the
smaller gu on the gou are both
sides of the small square, which
is the radius of the inscribed
circle. The method of cui
[proportion] can be applied to
the quantities.”

cc1 = ag : by i co.

a; + b1+ ¢ a

a
or

a+b+c’

b1
B 2ab

a+b+c’
as r

a+b+c

a+b+c’

as +by+ca b’
ab 2ab

a+b+c’

Intriguing question: How did LIU Hui know that
al —|—b1—|—(31 = a, ()32—|—b2—|—C2 = b?

Did he understand the property of the sum of angles

of a (right) triangle?



A plausible explanation?

http://ggbtu.be/m2811681
J



http://ggbtu.be/m2811681
material-2811681-Jiuzhang-Suanshu--Chapter-9-Problem-15.ggb
m2811681-Jiuzhang-Suanshu--Chapter-9-Problem-15.html

D a. b :.c

: =a; : by ¢
N =@z ' by, :c

Today we see this
relationship readily by
the knowledge of
similar triangles, but
how would Chinese
mathematicians in the
past see it?
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LIU Hui’s Method of Double-Difference in
Haidao Suanjing [/ § ¥ & Sea Island
Mathematical Manual] (3" century) as illustrated
in Gujin Tushu Jicheng [+ 4 W3 & = Complete
Collection of Pictures and Writings of Ancient

and Modern Times] (1726)
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£1f7) by LIV Hui (218}

by YANG Hui (1518) in 1275

Explanation of the method of double

difference (



(%)¥ B R(§)PFE -
Pﬂbk’ o?&j'jﬁz; "_7__, 0
2 . Pl Al R

(The horizontal rectangle formed by part of
the base and the vertical rectangle formed by
part of the perpendicular are equal in area.
Men of the past changed the names of their
methods from problem to problem ...)

Compare with s, (g24+ 5 (%7))
Proposition 43  YANG Hui, Continuation of Ancient
Of Book I of Mathematical Methods for Elucidating

.« q0 the Strange [Properties of Numbers]
Euclid's (Chapter 11) (1275)

Elements.
5 1l J 3
N

<€ 9 =



a1

— ale,

= agbl.

Hence, a1b9 = agby, or a1 : as = by : bs.

— Cllb, — abl.

Hence, a1b = aby, or a: a1 = b : by.
Since ¢? = a? + b?,c§ = a® + b?,c3 = a3 + b3,
we have a:a1 :a9o=0:b1 :ba =c:cq: co,

or a:b:c=ay1:by:c1=a9:by:cC



A pedagogical extension to a
locus problem (but with no
historical context)

Question: When (and
only when) will the
two regions have
equal area?

http://ggbtu.be/m2467811
%



http://ggbtu.be/m2467811
material-2467811-Equal-Area-Problem.ggb
m2467811-Equal-Area-Problem.html
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LIU Hui’s Method of Double-Difference in
Haidao Suanjing [/ § ¥ & Sea Island
Mathematical Manual] (3" century) as illustrated
in Gujin Tushu Jicheng [+ 4 W3 & = Complete
Collection of Pictures and Writings of Ancient

and Modern Times] (1726)



Aryabhatal
GRLE: O
(c.476-550)

. >
U
>
@
B
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3

Aryabhatiya
(reBRt 3 i )

Book 11, Stanza 16

The distance between the ends of the
two shadows multiplied by the
length of the first shadow and
divided by the difference in length of
the two shadows gives the koti. The
koti multiplied by the length of the

gnomon and divided by the length of
the (first) shadow gives the length of
the bhuja .

_th
V=

h=22 ¢

b,




& praxi geometrica
(1556)

John Sellers, Practical
Navigation (1672)

The invention of the cross-
staff (or Jacob’s staff) has

been credited to Levi ben
Gerson (1288-1344).




Given a, d, b; and bs, how can we express h and [ in terms of
a, d, b]_ and bg ?

http://ggbtu.be/m2812113
%

Explanation of the
formulae by YANG Hui
(1275)


http://ggbtu.be/m2812113
material-2812113-Liu-Hui-Haidao-Suanjing.ggb
m2812113-Liu-Hui-Haidao-Suanjing--.html

N &
P

<— o

N
o
Vv

ad =D, (h—a)—b,(h-a)
=(b2 _bl) (h_a)

h= ad +a
b2_b1
-:I
la = b, (h—a) = 222
2_b1
b,d




Huainanzi (Ce77-5), lianwenxun (X 3X3))
[The Book of the Prince of Huai Nan,
Chapter 3: Treatise On the Pattern of

Heaven], 2nd century B.C.

“To find the height of heaven, set up
[two] gnomons ten chi high and 1000 /:

apart due north-south. Measure their
shadows (at noon) on the same day....”

SUN Go to the south for 1000 [i,
the shadow diminishes by
0.1 chi.

Go to the south for 1 [,
the shadow diminishes
by 0.1/1000 chi.

Go to the south for 20,000

li, the shadow diminishes
to zero chi.

2:10=1:5
=20,000: 7

? =100,000

[should be
2:10 =20000+2/1800 : ?]




x | z |y=b—=z
5 0 | b 0
P I 21 b—Zl
a a\ o 29 b—Z2
: -z —1 | l : : :
: —r— : '
- p——bp— [ L]0 b

Does Yy (shortening of the shadow)

vary linearly with X (distance moved
by the gnomon) ?

b L — — —
b _L+b by (L-z)+(b-y)
a a a h
Hence b Y L+b X Y
nce, — — — = — - —
" a a h h h '’
y X Yy
. h T
therefore, y = e
h—a

YES , Y varies linearly with X .



How does the
shortening of the
shadow vary with

the distance

moved by the
gnomon?

http://ggbtu.be/m2860149
D



http://ggbtu.be/m2860149
m2860149-Huainanzi-.html
Huainanzi.ggb
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ZHAQO Youqgin (3 = 4x), Gexiang Xinshu
[E % #F New Writing on the Images of
Alteration], Chapter 5, Section on

Measurement of Heaven with Gougu
(ca. 1280)

s Alexi Volkov, The mathematical work of Zhao
Yougin: Remote surveying and the computation of
m, Taiwanese Journal for Philosophy and History of
Science, 5 (1) (1996).



Method of

extracting
square root

http://ggbtu.be/m2744339

J


http://ggbtu.be/m2744339
material-2744339-Finding-Square-Root.ggb
m2744339-Finding-Square-Root.html

(1 % & #) Jiuzhang Suanshu (Nine Chapters
on the Mathematical Art), compiled between 1%
century B.C.E. and 1% century.

Chapter 4 (Short Width) > &
Problem 12

Now given an area 55225 [square] bu. Tell: what is
the side of the square?

...... The Rule for Extracting the Square Root: Lay
down the given area as shi. Borrow a counting rod
to determine the digit place. Set it under the unit
place of the shi. Advance [to the left] every two digit
places as one step. Estimate the first digit of the
root. ......

a? ab (@ + b+ c)? = 55225
a € {0,100, 200, ...,900}

be {0,10,20, . ..,90}
ce{0,1,2,...,9}




a = 200 a? = 40000
55225 — 40000 = 15225

b =30 b2 + 2ab = 12900
15225 — 12900 = 2325

c=5 ¢ + 2c(a + b) = 2325
2325 — 2325 = 0

x =200+ 3045 =235

a ab | =
+
3
g
ab b2
c(a+b) 2
ab |=
+
- S
PTTTTTTTTTTTT T T
ab L b2
c(a+b) 2
2 3 5
5 52 25
2] 4
431 1 52
1 29
465 23 25
23 25




43

465

4700

4700 3

52

e | | DD

52
29

40

23
23

40
25

00

00

15
00
15
14

00
00

00
10

00
09

89

91



Chapter 4 (Short Width) > 3
Problem 12

Now given an area 55225 [square] bu. Tell: what is the
side of the square?

...... The Rule for Extracting the Square Root: Lay
down the given area as shi. Borrow a counting rod
to determine the digit place. Set it under the unit
place of the shi. Advance [to the left] every two digit
places as one step. Estimate the first digit of the
root. ......

If there Is a remainder, [the number] is
called unextractable, it should be defined
as the side on which the square has the
areaoftheshi[FR2Z 2 & F » 57 F
BoogF a2 o] ......

VA=a+---, ais the nearest integer to v/ A.
A— A—a?

2
< VA<
R Y VA<a+t 2%
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[the number] is P

called unextractable, 4\ 9=0-866025---
it should be defined ¢ =1-d=0-133974--
as the side on...




10 102 103 104
;) 2 3
108 1012 1016

% # % & H

1020 1024 1028 1032 1036

it A 1S = BB

1040 1044 1048 1052
frifac 7Rd B 3T LK
1026 1060 1064

£E * ¥

1068 1072



LA B T % A

101 102 1073 104 10

B 8 v B B

106 10 108 10° 1071

Al -~ ! i
B B PP
101 10-12 1013 10-14

e BA Wb A

10~ 10-16 10t/ 10-18
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(1 % & i) Jiuzhang Suanshu (Nine Chapters
on the Mathematical Art), compiled between 15!
century B.C.E. and 1% century C.E.

Chapter 9 (Right-angled triangles) § 3%
Problem 20

Now given a square city of unknown side, with
gates opening in the middle. 20 bu from the north
gate there is a tree, which is visible when one goes
14 bu from the south gate and then 1775 bu
westward. Tell: what is the length of each side?

22 + 342 = 71000

T z(x+34) =2 x 20 x 1775
— 71000

20

: Extraction of

S——— square root with

accompany humber
(#itpaAss )




“— 1775 —>

20

14



x4+ 20414

«—->

w|a

%(aﬂ— 20 + 14) = 20 x 1775

z(z + 34) = 71000

Expressed as a quadratic equation in
today’s textbook, it reads

22 + 34x — 71000 = 0.



34a a? ab h—.li
3
T

346 ab b?

34c c(a +b) c?

(a+b+c)* +34(a+ b+ c) = 71000
a € {0,100, 200, ...,900}

b € {0,10,20, .. .,90}
ce{0,1,2,...,9}

a =200 a2+ 34a = 46800
71000 — 46800 = 24200

b=750 b2+ 2ab+ 34b = 24200
24200 — 24200 = 0

c=20
x = 200+ 50+ 0 = 250



o

Problem 1 in Chapter 7,
Excess and Deficit
[2 7 & ofJiuzhang
Suanshu [1 # ¥ #,
Nine Chapters on the
Mathematical Art],
compiled between 15t
century B.C.E. and 15t
century.
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This is known in the Western world as “rule of khitai
(ZRFAH5%7? or is it a linguistic misunderstanding?)”.
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N= A8, S=%E.
a = Fith, ? e = & .
b = Frit, d AE .

aN=S+e,

bN = S - d.
SE=]
(a-b)N=¢e + d,

N = (e + d)/(a - b),
mS =aN - e

= (ad + be)/(a - b).
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(1 % ¥ iiv) Jiuzhang Suanshu
(Nine Chapters on the Mathematical Art),
century C.E.

Problem 12, Chapter 7
(Excess and Deficit ¥ % &)

compiled between 15 century B.C.E. and 1%t
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http://ggbtu.be/3507645
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y: 5-2 (1"’ 1/2-z)

44
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|

1 y=2’i E

Inze

0 5 =z

¥ | = 5—B il 125,

Letz=2%,thenz’—4z-2=0.
Take the positive root z =2 +./6.

Hence x =log (2 +/6) / log 2
=2.15363986 ... .

[Compare with 2%:2.1 1764705....]

An unfair assessment?
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1 5 8 11 7 -6
2 13 16 18 14 -5
3 21 24 25 21 -4
7 53 56 53 49 0
10 77 80 74 70 +3
11 85 88 81 77 + 4
12 93 96 88 84 +5
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e + d,

= (e + d)/(a - D),
S
= (ad + be)/(a - b) .



Y= AX
What X makes Y = 57

>X

Y'=AX'-S

What X makes Y = 0?
Known: (a,e) and (b, —d) are
[ S s

on the line, a # b.

e=Aa— S,
—d=Ab—-S.
HenceAzﬂ S:ad+be

a—d __a-Db

Method of double false position
—> Method of interpolation



(1 % ¥ i) Jiuzhang Suanshu (Nine Chapters on
the Mathematical Art), compiled between 15t century
B.C.E. and 15t century.

Problem 1, Chapter 8 (Rectangular Arrays = #%)

Now given 3 bundles of top grade paddy, 2 bundles of
medium grade paddy, 1 bundle of low grade paddy.
Yield: 39 dou of grain. 2 bundles of top grade paddy, 3
bundles of medium grade paddy, 1 bundle of low grade
paddy, yield 34 dou. 1 bundle of top grade paddy, 2
bundles of medium grade paddy, 3 bundles of low grade
paddy, yield 26 dou. Tell: how much paddy does one
bundle of each grade yield?

3x+2y+ z= 39
modern version 2x+3y+ z=34

x+2y+3z=26

T o w m M I
wowu Wi i g u m[.
mor e e T e
=T =it =1 =t <} -1 == -1 =T =1
(1 23] Joo3] [o03 0o0d|
1232 4 52 052 040

1 1 ! 0 0

Gaussian elimination method




System of Linear Equations
Chapter 8 of Jiuzhang Suanshu
NE&Il, ca. 1t century B.C.E.
to 1st* century C.E.

ap Xgtap Xt .o taXx, =C)
App Xp T Ag Xy ... Ay X, =G,

Qe Xg Qo X + ..o+ X, = Cy

System of Linear Congruence
Equations

Sunzi Suanjing % f &4 ,4t/5h
century and Shushu Jiuzhang
HENE, 1247.

x = A; (mod my)
x = A, (modm,)

x = A, (mod my,)
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~12/x 70 = 140
18x21= 63

, 12x15= 30

»ox | Alw s Addupto

| L - = = A Answeri | 11 #| T get 233,

| = 1R n—is23 2 % ]y Modify by

r  multiples of 105
- to get 128,
338,443, e

|
|
E
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T'is hard to find one man of seventy
out of three.

There are twenty-one branches on
five plum blossom trees.

When seven persons meet, it is in the
middle of the month.

Discarding one hundred and five, the

problem is done.



OREM).* A Dedekind domain

(CRT ) Given a finite number of ideals a; and of elements x; of R

(=1, , 1), the system of congruences x = x; (mod «a;,) admits a solu-
tzon X in R zf and only zf tkese congruences are pazrwzse compatzble that 1s,

ideals of a Dedekind demain R, each of the operatlons N and + is dis-
tributive with respect to the other; that is, that given three ideals a, b, b’
in R, we have:

aN(d + ') = (aNb) 4+ (aNp’)
a4 (bNH) = (a4 6)N(a + b').

* A _rule for the solution of simultaneous linear congruence ,_essentially
e:guivalegt w1 corern 17 in the case of the ring / of integers. was found b
hinese calendar makers between the fourth and be seventh centuries. A.D

t was used fo ding the common periods to several cvcles of astronomical
phenomena.
A e RS s @

Chinese Remainder

Theorem

Oscar Zariski & Pierre Samuel,
Commutative Algebra, Vol. I
(1958), Chapter V, p.279.
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'd;'{!c Horth - ThHina E‘crnlh. — i
. sl every point, where we conanlt a ;Mﬂ:.

we find references to some
";:r:‘;:;:’;ﬂ wark on the subject, The ::lal":'
il e eration with which it has heen | s,
m‘,mq for them to look upon the | What st
o of the anclents, has wnde them "‘fl;.""."
more_desirons of elucidating the works |\ 0 ke
[ thele predecessars; than - of seeking [ junior fen
a,“ in an untrodden path ; vo that some | numbers,
of their most: fmportant formulre have :‘."'l":""'
reachedd, the siate In. which we now find .
(hems by an almost innumerable series of Exte
Timﬂmu.,’:‘ One of the most remarkable | The sm

of these hlhj(ﬁ? Ta.yen ** Great :;."‘\'.&"I
Fxtension,” a rule for the resalution of
indeterminate * problems, - This mle is

JOTTINGS ON THE SCIENCE | met with in embrya in Sun Taze's Arith-
i zl!’ THE (..!llllll.\‘liscl-‘.. . metical_Classie ¢ under . the name of | b
CARITHMETIE, ¥ # Im a& IWah puh che s00 * Un-
o known numerical quantities,” where after | before.
( Contined from -No, A13.) 2 general statement. infour lines of rhyme,
Ko e——C $ g the follawing question i propased :— -
In examining the productions of the/ Given, an unknawn namber, which when dieid.
hinese, one finds conxiderable diftienlty A by 3, leaves o vemainder of 21 when .divided
n nasigning the predise dato for the origin by S, 1t leaves 31 and when divided by 7, it leaves
Fany matl cintical process; for on ale 4y what ls the number ! ™ - ;
ot Mo : . This-is followed by a special yule for |-
- — T s working out the problem, in terms suf- |
1 W geiently enncise and eliptical, to elnde the

Whh-km of the easnal ‘reader 1— 3
Dirkding btlihhnn-uh‘nd!."‘dhn
140y dividing hy.$ with & rewainder of 3, set
Jown 631 dividiag by 7 with & remainder of 2, .
et down 301 sdding these sume together gives |. 7.7
nd the remai !

o demiion
‘A mare general note succeeds i—"""
For | oblained hy 3, set down 70 for | obtained
Ly 5, set down 21 for | obtained by 7, et down
131 when the- sum is 100 or above, subtract 105
tiom it, and the remainder Iu the nomber requireds |2 * Origi
_-In. tracing “the; conre ' af this procéss,
we find it. gradually: becoming * clearer,
1ill toward¥ the end of the Sing dynasty,
when the writings of Tain Keu<chaou put
wy in full possession af the principle, and
enable ug to unravel; the meaning of the 1“:"" et
abavd mysterfons axsemblnzzd of nitnerals, [eyen num!
Applsing the prineiples of theTa-yen ns | present in
there laid” down s=—>Multiplying- together | the otd »
and 7, gives- 105 ¥

ply the - Extensie

715, and "I‘f‘p'f-ﬂduft lﬁ‘h the- "i;rvi Y :.,,‘
Ving's06 ** Usa number,” ot ‘an it is gtiven
shave,—for | obtained by 7, set doten 15 | times an it
Divide the Fxtension parent- 105.by the | e, Katen
Fixe:d parent 6, and the quatient 21 is | thé junor
the Extension number.: Divide this njziin [symbol.- -
by 5, and the overplns 1 is the’ Multip- [T -Tn th
Iyfng term. © Multiply the Ewtension | number
nomber 21 by this, and the product 21 is | might n
the Use number ;. which Ir given above, | ‘wholestr
~for, | obtained by'5; set down 21,  Di- | strokes
vide the Extenslon parent: 105 by .the | whole an
Fized parent 3, anid the quotient.35 ju | the mear
the Extension' number,: Divide this again, living in
by'3, and there fs a -‘.2}1\‘:,": Remaine ;1::;"":
der™ of 2, . ‘This Remainder being mort | Sine kn
than unity is then submitted to a b | censary |
ol rocess lémml:* —= Keu Yih | dinggrann
* Findihy unity,”. whichis the alternate ofa "‘",‘
division of the Hxtension parent anil Ne- The
maimler by cach other, till the remainder of “,"“J“
in reslueed to*] § the resnlt In the prexent | YOO8 €
instanco f¢ 2 which ls. the - Multiplying | 3 follov
term g by which multiply the Extension |- -7t the
number, apd the produet” 70 Is the Use modn's re
wumber; which e the meaning of the | a0 do
sentence,—for | oblained by 3, set doswen | day of the
10 _Ilaving thus obtained the sevéral 1o the lst

Use nmnbers, multiply the enrrespond- -Ao'l:;';‘:nl

Alexauder Wylie.

Alexander Wylie
(1815-1887)

A. Wylie, Jottings on the
Science of the Chinese.
Arithmetic, North China
Herald, 108-121, 1852.

ing original remaindors by these ;— oth day o
0x2=140; 21 x3=63; 156x2=30; :;' conjs
ree oyt

ald these three numbers together as stat-

ol fn the rule, and the sum ix 2333 from :;:'Z"t"
which aubtract as many times-the parent | 225,600+
number 105 nx ft-will adinit, which maks | alresdy |

ing 210, the remainder is 23, the numk e i




. "The  general ‘princi ples: of the “Ta-yen
arc probably given in their simplest form,
in"the above rudimentary problem of Stn
13@.; :Subsequent- authors: enlarging on
the- idea,applied it'with ;much  effect to
‘;,l'ﬂs-fco,mplcx system of cycles and épicy=
cles which form. such a’prominent feature
' the middle-age " astronomy of the: Chi-
nese: The reputed originator of this theory

astronomy_ is the. priest

a3 “appliéd "to  astronomy. is |
"X _']_"; Hing who had : scarcely finished :the

xough draftof his work ¢ 417 JE T
T a-yen leik-shéo, when he died A.D.717.
t}..;.,.,Bu@';LAiélin,‘thcgi;‘..N ine-sections.of-the.
1t of nuinhers ”* by Tsin Keu chaou that
We have the most full and explicit details
on this subjeet, “"Here we have the vari-
ous_ appligations of this * theory worked
;’ ut.at great: length; “thefirst ‘problem
g -to-find ‘a’solution™of a passage *in
-”f‘";x;lll-.King‘tréﬁting of the origin of the
divining numbers :— - i e
3:;“1!1. the. Yih King it is xaid,~~*The Great
Jhension number is 50, and the Use number is

—— -

9. ge ; St z . I . i s
'hm{'m" writers are divided In opinion as to the
Soor Bun Taze lived ; sime. consider him the same as
un Won.ts

out B,C, 220, . The
M 1hat he Yiyed | he ‘mors probable -opinion however,

the Wei towards the end of the Han or during
. 2 d’"’m] in the third century of the C}{ristlan ern,

time

z¢. 8 military officer during' the Ileptarchy‘|

Da Yan K7
ﬁ (Great
Extension)
Art of
Searching
for Unity

Qin Jiu-shao
=88,
Shushu
Jiuzhang
BENE
“(Mathematical
Treatise in Nine
Sections), 1247




Shushu Jiuzhang #1&Z /1%, Book I, Problem 1

In the Yih King [Y1 Jing] it is said, “The
Great Extension number is 50, and the Use
number is 49.” Again it is said, “It is
divided into 2 [parts], to represent the
spheres; 1 is suspended to represent the 3
powers; they are drawn out by 4, to
represent the 4 seasons; three changes
complete a symbol, and eighteen changes
perfect the diagrams.” What is the rule for
the Extension and what are the several
numbers? ......

frlune telling by combinahion of shi grass
)

(%i\\

||l ] 50-1=49
. |---I A+B =49
'(DD @ (AR+B-1+[ll=49
o] A 4a
L | W

# tthe procedu d'ﬁeﬂ o 4}

e o "

‘m remai‘:\riovg (4gfr i
44) vods [4 4imes )

about fortune telling




Shushu Jiuzhang #IZ A%, Book I, Problem 2

- Let the soiar)car be equal to 365} days, the | ¥

940,
60 d'ns Quppose in"the, year A. D.12 £6, the 53d
1 day of tlie Kea-tsze or. sc‘mgcnary cycle of days
‘is. the 1st.of the 11th month; the 57 7th day of the
FKeastize i Te Wintér solstice or 18t diy of "the
‘solar year;—and the 1st’day of the Kea-tsze is the
.9th day of the month. . Required the tinie between'
two_conjunctions of the commencement of these’
three ¢ycles;. “also,  the. time that has already:|
‘elapbed ind how inuch hasyettorun. ' Ans.- The ||
time. between .. two._ conjunctions, .-18,240 . years:.
-9225,600 months : 6,662,160 days : number of years
-a]rcady past 9 163 numbcr of JEaES unc\pn-ed

moon s revolunon, 29-——— da) s, and the J\erz-!s~e, %
=

O 07T 0 o by v By
She -hi'
“SY“M - — o @ WinlerSolstice
________ o’ﬁrs*rlaz‘o
Bl i s ——S—a——9 o?;é)rsrc;kaeo{:%
N days in a Shang Yaan pen‘ocl.

N = O (mod 365%) <=4x740xN

N = O (mod 2942) = =OgmcmL {373340)
N = O (mod 60) 20 cm rSees S
=2

087476800, N=555180

&
- e e 8
N =4 (med 36;5—4—%—"'[- baisial
=5( 293 me e Sinee
A= 6 Cvod 603" Shang Hheon =N doys

about calendrical reckoning



Shushu Jiuzhang #IEL.E, Book II, Problem 5
::'The 9th problem is as follows :—
“2-A report being raised that 3-rice bins each cop..
| taining thé same amount, ,have been robbed; the
| original quantity is not’known, but it is found thy
‘"in the left hand.one, there is still 1 ko left ;-in th,
| middle one; there is 1 shing 4 ho left; in the righy g
| hand one, there is .1 ho remaining;- the thievy
“I"being “caught; A confesses: that- he " took a hore.
ladle at night and filled it several times out of the
1 left hand bin, putting the contents in a bag; B
l-confesses “having hastily . taken 'a woodén shoe 14
vgeveral. times full, out of the middle bin; C sy,
he took'a bowl and filled it successively out of the
‘-right-hand-bin—Examining-the-three vesselsth
horse ladle’is found to contain”1 shing 9 ko, the
‘wooden shoe, '1 shing T-ho,” and the bowl, 1 shing
19 ho. - What is.the :amount of .rice lost,. and hor 1

id each take?: Ans. Lost, 9 2hilS e
: 'l'l,c}‘sd]:g_i'flasct'o'lt:n‘ ;)y ‘YA','-;:.-.:;M’I ‘ l tow - shing 1 9563
ho: B, 3 shik 1. tow 7 shing 9 ho; ' C, 3 shik | tov
Xx=41 (mod 19)  19x17x12=38%
Xx=14 (mod 17)  38%/19 = 204
- 38%/ 7= 228
=1 (md12) 38%/1=323

204k =1(mod 19) | k=15
228'(.51 (mod17) k=5
323K =1 (mad 12)| k=11

e et e~ e v meeagnze

L =1x204x15+14x208x5 +1x393x 11 — 5x3996 =3193
3193-1 =392, 3193-14 = 31?79, 3193-1=3192
319243199+ 3192= 9563

about three thievies stealing rice

03w 8380 (2
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Chapter 1 (Field Measurement)
Problem 32 : A circular field has a perimeter

of 181 bu and a diameter of 60 and 1/3 bu.
What is the area?

{1 % & #) Jiuzhang Suanshu

(Nine Chapters on the Mathematical Art),
compiled between

15t century B.C.E. and 15 century C.E.



Somebody told me the area
formula of a circle is not in the
primary school syllabus. Is that
so?

No, it is not in the syllabus. It
was there before, but has been
removed.

Why?

We cannot prove the formula
at the primary school level.

Can you prove it at the
secondary school level?

Yes, we can do it by calculus.

Really?



Area of a circle

with radius 7 = m r?

( junior primary/senior primary/
junior secondary/senior secondary
level ?)



When primary school
pupils first encounter

the formula for the
area of a circle they
are convinced of the
validity of the formula

by a heuristic
reasoning.

A heuristic reasoning
is not a proof, at
best a nice argument
to help us discover
the formula.



P

T|I|||I|||‘|I|||I||||||I||I|II‘||||||I||||||I||I||‘|||I|||I|‘I||I|||||‘||||
0cm 1 2 3 4 5 6 7

One of the various heuristic
means to explain the formula for
the circumference of a circle

http://ggbtu.be/m8222 O



http://ggbtu.be/m8222
material-8222-Circumference-of-Circles-New.ggb
m8222-Circumference-of-Circles-New.html

o

One of the various heuristic
means to explain the formula
for the area of a circle

http://ggbtu.be/m279 D



http://ggbtu.be/m279
material-279-Area-of-Circles.ggb
m279-Area-of-Circles.html

r]a a ¢

In the figure, n identical semi-circles are drawn on a line segment of length 2. o
The total length of these semi-circles is 1.

When n tends to infinity, these semi-circles get closer and closer to the line segment.
In the limiting case, can we conclude the total length i of these semi-circles equals 2?

v

http://ggbtu.be/m1742359

J


material-1742359-pi=2.ggb
m1742359-pi=2.html
http://ggbtu.be/m1742359

r]a a ¢

In the figure, n identical semi-circles are drawn on a line segment of length 2.

The total length of these semi-circles is 1.

When n tends to infinity, these semi-circles get closer and closer to the line segment.
In the limiting case, can we conclude the total length i of these semi-circles equals 2?

v

n=1

“"Good heavens, how do I
know when I can use . 7,
limiting argument WV
and when I cannot? T
I feel totally baffled!”

http://ggbtu.be/m1742359

J


material-1742359-pi=2.ggb
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http://ggbtu.be/m1742359

Many cautious teachers
will add that a rigorous
derivation of the
formula rests upon the
knowledge of calculus.
At a later stage when
calculus is taught the
area formula would be
customarily explained
through a certain
definite integral.

But does that really
settle the problem?



Question: How to explain the
formula for the area of a circle In
a rigorous way?

Y
A

y=vVR?— 2?2




How to compute the integeral

R
/ VvV R2 — 22dx ?
0

How to differentiate the sine/cosine

function?
d d
—(sinf) = cos 0, —(cos ) = —sin 0.
dQ( inf) g dQ( 0) 0
Why? —
We resort to proving first|lim "7
D 6—0 0

1 1 1
—sinf < —0 < — tanb
2Sm < 5 < 5 an

*.sinf < 0 < tanf

| — p—

Why is the area of the sector OAB

1
equal to 59 7



A = rr?

What has been
carried out is a

circular argument
(no pun intended!)

Can we avoid a

circular argument?




How does the magical
constant m enter into
the calculation of the
circumference as well
as the calculation of
the area of a circle?

What happened in
history? Can the wisdom
of our ancestors
enhance our
understanding of the
problem?



_ circumference of circle m

T = - _
diameter of circle

= area of circle
area of square on .

radius of circle

+* Which is a “better”
definition ?

* Why are they
equivalent ?



YA r
C :4/ \/1—1- _y) dx
z? +y? =12 0 dz
Ry
0 r o ow o Vit
A :4/ V12 —a? do.
0

C " 1
— = 2/ dx
2r 0 Vr2 — z2
A r )
—2 :4/ r 258 dCC
r 0 r

C A
| = 7
> 2r r2

r T2 r
That is, isf —da::2f Ve —a?2de?
0o Vr?—a? 0

r TQ Tr2_$2_|_$2
/—da: = dx
0 V2 — 22 0 V2 — 22
Vr —x2d:c+f
f VT —:1:2
2
= / \/r2—$2d33+/ oy (—y)dy
0 r Yy €T
= f \/rz—x2d$+/ Ve —y?dy
0 0
= 2/ V2 —ax?dx.
0

Bingo ! Clever but contrived
“symbol-pushing”! What actually is going on -



Cc = 4/0 \/1+(%)2d$

A = 4/ V1?2 — 22 dx.
0

Actuadlly, this shows that

1
A= —Cr|.

2

1 " r2

—Cr = 2/ dx

2 0 V12 — z2

:2 TTZ_ZCZ—I_QCZd:U
o Vr?—z2

= 4/ V2 —x2de=A.
0

Now, the formula acquires a nice
geometric meaning. It is a great
discovery in the ancient world, both
in the East and in the West.






Proposition 2, Book XIll of
Euclid’s E/lements

Circles are to one another
as the squares on their
diameters.

A = area
d = diameter

7y
In fact k= —,
4

that is A = wr?, r = radius.



Circumferences are to
one another as their
diameters.

C = circumference

C = nd )
" d = diameter

Unlike the area analog, such a theorem in this
explicitly and clearly stated form was not documented
anywhere in the ancient literature. Since 1994 | have
asked many people about this, but found an answer
only recently in a 2013 preprint of David Richeson
(arXiv: 1303.0904v2). | am glad to see that it
agrees with what | have been thinking for some time.



David Richeson,
Circular reasoning:
who first proved

that C divided by d
is a constant?

The College Mathematics
Journal, 46 (3) (2015),
162-171.



® Archimedes

Measurement of a Circle
(3™ century B.C.)

The area of any circle is equal to a
right-angled triangle in which one of the
sides about the right angle is equal to the
radius, and the other to the
circumference, of the circle.

A=%Cr

® LiuHui [20]

Commentary on Jiuzhang
Suanshu
[ {ILEEM) ]
(3™ Century)
P REPRAEREGES
A:%Cr

® Abraham bar Hiyya ha-Nasi

Treatise on Mensuration
(12ﬂ[1 century)

The area of any circle is equal to an
isosceles triangle with height equal to
the radius and with base equal to the
circumference of the circle.

A:JQ-C?
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Chapter 1 (Field Measurement)
Problem 32 : A circular field has a perimeter

of 181 bu and a diameter of 60 and 1/3 bu.
What is the area?

{1 % & #) Jiuzhang Suanshu

(Nine Chapters on the Mathematical Art),
compiled between

15t century B.C.E. and 15 century C.E.
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ircumference to the diameter instead of the ratio that the circumference is
to the diameter’s 1. The latter ratio is only that of the perimeter of the
nscribed regular 6-gon to the diameter. Comparing arc with the chord, just
ike the bq ith the string, we see that the circumference exceeds the
erimeter”] This is apparent from Fig. 2. He continued: ["However, those
0 fransmit this method of calculation to the next generation never
other to examine it thoroughly but merely repeat what they learned from

heir predecessors, thus passing on the error. Without a clear explanation

nd definite justification it is very difficult to separate truth from fallacy.”
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LIU Hui (¥]#), Commentary on Jiuzhang
Suanshu( (1 & & #) 2) (3" century)
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C/l2 error estimate:

A2'n, < A < A2n + (A2n - A'n)

“Dividing again and again until it cannot

be divided further yields a regular polygon

coinciding with circle, with no portion

whatever left out. (Z]2. % 3] » W I 33 ¥ & »
PR S EHm mord 2 0 )"

Not rigorous deductive reasoning , but

makes sense, leading to the answer through
algorithmic means.
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@ Regular 6-gon

side =5cm

perimeter =5x 6 =30cm

perimeter 30 cm

diameter 10 cm

diameter = 10cm

http://ggbtu.be/m1743033
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http://ggbtu.be/m1743033
material-1743033-Liu-Huis-Method-of-Finding-Pi.ggb
m1743033-Liu-Huis-Method-of-Finding-Pi.html

2 — dim. case
~ =1 — 1 (enclosed
I region )

1 - dim. case
((boundary)
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Fundamental

Theorem of Calculus
(Stokes’ Theorem)
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George Stokes, setting the
Smith’s Prize Examination at
Cambridge University, made
this Question 8 in 1854.




First wave of transmission of
Western learning in China:

late 16 to mid 17 century
Jesuits, Chinese scholar-officials, ministers

.. and its wake:

mid 17" to mid 18" century
Jesuits, Emperor Kangxi (% %), Chinese
scholars

Second wave of transmission
of Western learning in China:

since mid 19th century

Protestant missionaries, Chinese scholars,
Prince Gong [Yixin, 3]”*5;% & 27] and
officials in charge of “self-strengthening
movement (p & &))"

The three phases took place within quite

different historical contexts and with
quite different mentality.




first part of the
17th century
[Ming Dynasty]

(In order to surpass
we must try to
! ‘ understand and to

synthesize.)

18th century

[Qing Dynasty] (Western learning
has its origin in

Chinese learning.)
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latter part of (Learn the strong
the 19th techniques of the
century [Qing “[Western] barbarians”
Dynasty] in order to control

them.)



k% AP AL 5 e
# iT +* € GeoGebra #2545
%F—r B[R o BB

ol § &g rii'g‘lf""
BS %muy;ﬁ'—ﬁo] ’
’3" — ll'l;v(;ﬁﬂl’

“



