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中小學數學課堂上傳授的基本知
識和技能，很大部份已經有數百
年以至數千年的歷史。從古代至
十七世紀的東方西方數學典籍當
中，記載了相當多的部份。
回顧從中國古代至十六世紀的傳
統數學，至明末清初西學東漸、
合流會通，演變為二十世紀以降
在華人教育圈中的現代中小學數
學課程內容。這方面的探討，不
只有其數學意義，也富有文化意
義，對教與學，都有裨益。



中小學數學課堂上傳授的基本知
識和技能，很大部份已經有數百
年以至數千年的歷史。從古代至
十七世紀的東方西方數學典籍當
中，記載了相當多的部份。
回顧從中國古代至十六世紀的傳
統數學，至明末清初西學東漸、
合流會通，演變為二十世紀以降
在華人教育圈中的現代中小學數
學課程內容。這方面的探討，不
只有其數學意義，也富有文化意
義，對教與學，都有裨益。
這一段故事，不可能在短短一講
中作出清楚介紹，需要一系列的
講座，方能敘述其中片斷。本講
或可視為這項嘗試的楔子，或視
為這一系列講座的「前傳」。



西方數學傳入中國

宋元四大家

《周髀算經》
《算數書》
《九章算術》

《算經十書》



作為中國人，我自然會滿懷自
豪地學習祖先的數學成就。不
過，我常常把他們的成就看作
為世界整體的數學發展的一部
份。猶如 David  Hilbert
（1862-1943）1928年在意大
利Bologna 舉行的國際數學家
大會(International Congress 
of Mathematicians）所說：
「數學無分種族。…於數學而
言，整個文化世界就是單一個
國家。」

M.K. Siu, Zhi yi xing nan (knowing is easy and doing is difficult) or

vice versa? ─ A Chinese mathematician’s observation on HPM

(History and Pedagogy of Mathematics) activities, Chapter 2 in The

First Sourcebook on Asian Research in Mathematics Education:

China, Korea, Singapore, Japan, Malaysia and India, edited by B.

Sriraman et al, Information Age Publishing, Charlotte, 2015, 27-48.



誠然，我對數學發現的先
後，是東方還是西方，不
感興趣。無論如何，如果
為了說明本國國民的優越
性，強調中國人基本上比
歐洲人早了好幾個世紀發
現某一數學定理，只能間
接說明歐洲數學的優越性，
因為這樣的比較是以西方
數學為基準！

M.K. Siu, Zhi yi xing nan (knowing is easy and doing is difficult) or

vice versa? ─ A Chinese mathematician’s observation on HPM

(History and Pedagogy of Mathematics) activities, Chapter 2 in The

First Sourcebook on Asian Research in Mathematics Education:

China, Korea, Singapore, Japan, Malaysia and India, edited by B.

Sriraman et al, Information Age Publishing, Charlotte, 2015, 27-48.



實際上，我認
為應該以互相
學習的心態，
去察看不同的
數學文化，才
會更有成果。

M.K. Siu, Zhi yi xing nan (knowing is easy and doing is difficult) or

vice versa? ─ A Chinese mathematician’s observation on HPM

(History and Pedagogy of Mathematics) activities, Chapter 2 in The

First Sourcebook on Asian Research in Mathematics Education:

China, Korea, Singapore, Japan, Malaysia and India, edited by B.

Sriraman et al, Information Age Publishing, Charlotte, 2015, 27-48.



中國古算，在內容方
面，明顯具有濃厚的
「經世致用」色彩。
在方法上，主要著重
計算(calculation)及
算法(algorithms)。

中國古算(從先秦至宋元)
的特色

M.K. Siu, An excursion in ancient Chinese mathematics, in 

Using History To Teach Mathematics: An International 

Perspective, edited by V. Katz, Mathematical Association 

of America, Washington D.C., 2000, 159-166.



然而，中國古算可不僅是在
日常生活上應用數學的「烹
飪手册」(cookbook) 而已。
雖然它與古希臘代表作《原
本》標示的作風迥異，它同
樣有其結構、闡釋及證明，
只不過它沒有依循古希臘的
邏輯推導傳統吧。它也建立
各式理論，遠超乎平凡的日
常生活的需要。

中國古算(從先秦至宋元)
的特色

M.K. Siu, An excursion in ancient Chinese mathematics, in 

Using History To Teach Mathematics: An International 

Perspective, edited by V. Katz, Mathematical Association 

of America, Washington D.C., 2000, 159-166.



同時，有一個引人入勝的
想法：中國古算在那個時
代，不一定有如今天我們
所認識的數學。在古代典
籍中的確曾經出現「內算」
及「外算」的提法，前者
與中國最老的書本《易經》
有密切關係。

中國古算(從先秦至宋元)
的特色

M.K. Siu, An excursion in ancient Chinese mathematics, in 

Using History To Teach Mathematics: An International 

Perspective, edited by V. Katz, Mathematical Association 

of America, Washington D.C., 2000, 159-166.



彩帛規矩圖:
女媧執規，伏羲執矩。
(新疆阿斯塔那出土)

漢墓石刻規矩圖:
女媧執規，伏羲執矩。



中國自古以來已經發
明，並一直沿用十進
制位值制記數法。

商代殷墟甲骨文的數字
(公元前十五至十一
世紀 ，河南安陽出土。)



Number to 

count

to learn, to 

study

to calculate

study of calculation, 

arithmetic



Counting rods  算籌



Squid, … Once during an 

excursion to the east, King Qin 

dropped a counting rod bag in 

the sea.  The bag turned into this 

fish [squid] with a shape 

resembling a counting rod bag 

with two long strings. 

Duan Chengshi, Book 17, Youyang Zazu
(9th century) 

「烏賊，… 昔秦王東遊，
棄算袋於海，化為此魚，
形如算袋，兩帶極長。」

段成式(803-863)
《酉陽雜俎》
卷十七•廣動植之二



Sunzi Suanjing (孫子算經 [Master Sun’s 

Mathematical Manual]), 4th/5th century.



夏侯陽算經（公元五世紀）





「凡笇者，正身端坐，一從
右膝而起。」(All calculators 

[who manipulate counting rods] sit

upright with the right knee signifying

the unit position.)
《敦煌算書》[Dunhuang Manuscript 

on Arithmetical Calculation], 

4th– 6th   centuries

Can it mean  4  3  0  0 ?

4  3

= 4 3 0 

= 4 3 0 0



漢簡九九歌



敦煌殘卷中的算書上的九九表
(公元四至六世紀)



Addition [implicitly explained 

in Sunzi Suanjing (孫子算經
[Master Sun’s Mathematical 

Manual]), 4th/5th century.]



Subtraction [implicitly 

explained in Sunzi Suanjing 

(孫子算經 [Master Sun’s 

Mathematical Manual]), 

4th/5th century.]



Multiplication explained in 

Sunzi Suanjing (孫子算經
[Master Sun’s mathematical 

manual]), 4th/5th century

7 2 3 9 7 2 3 9 7 2 3 9 2 3 9

1 4 1 6 1 1 6 1

2 3 2 3 2 3 2 3

2 3 9 3 9 3 9 9

1 6 5 6 1 6 5 6 1 6 6 2 9 1 6 6 2 9

2 3 2 3 2 3 2 3

9 7 2 3 9

1 6 6 4 9 7 1 6 6 4 9 7 x 2 3

2 3 1 4

2 1

4

6

6

9

1 8

2 7

1 6 6 4 9 7



Division explained in 

Sunzi Suanjing (孫子算經
[Master Sun’s Mathematical 

Manual]), 4th/5th century.



Hong Kong 

Definitive Stamp

(Issue on

October 14, 2002)

Calculator/Abacus



A diagram of the A Priori (Natural) Hexagram 

Order (先天六十四卦次序 ) in Yijing (易經 Book 

of Changes ) sent by the Jesuit Father 

Joachim Bouvet to Gottfried Wilhelm Leibniz 

in 1701. Bouvet was struck by the similarity 

this bears to the binary system of arithmetic 

developed by Leibniz.



Jiuzhang Suanshu

《九章算術》
(Nine Chapters on 

the Mathematical Art)

compiled between

100 B.C.E. to 100 C.E.

Suanshu Shu 《算數書》
(Book of  Numbers and 

Computation)

ca. 200 B.C.E.



Suanshu Shu 《算數書》(Book of  Numbers and 

Computation), ca. 200 B.C.E.

Excavated in Zhangjiashan in Hubei Province in 

1983



《九章算術》Jiuzhang Suanshu (Nine Chapters 

on the Mathematical Art), compiled between 1st

century B.C.E. and 1st century C.E., with 246 

problems grouped into nine chapters.



CHENG Da-wei (程大位)
Suanfa Tongzong

(算法統宗, literally 

meaning “unified

source of computational 

methods”) , 1592.



Christopher
Clavius
(1538-1612)

Epitome Arithmeticae Practicae

[literally meaning “abridgement of 

arithmetic in practice”] compiled 

by Christopher CLAVIUS, 1583.

http://upload.wikimedia.org/wikipedia/commons/3/35/Christopher_Clavius.jpg


Tongwen Suanzhi [同文算指, 

literally meaning “rules of 

arithmetic common to cultures”]

compiled by Li Zhi-zao (李之藻) 

and Matteo RICCI (利瑪竇), 1613.



數之原其與生人俱
來乎? 始於一，終
於十，十指象之，
屈而計諸，不可勝
用也。
五方萬國，風習千
變，至於算數，無
弗同者，十指之賅
存，無弗同耳。

徐光啟•刻《同文算指》序
(1613)



東海西海，心同理
同。所不同者，特
言語文字之際。
[ Across the seas of the 

East and the West the 

mind and reasoning are 

the same. The difference 

lies only in the language 

and the writing. ] 

Li Zhi-zhao (李之藻),  Preface to

the reprinting of Tianzhu Shiyi

[天主實義重刻序]

Tianzhu Shiyi [The True Meaning of the Lord of Heaven 
天主實義]  was written by Matteo Ricci (利瑪竇)  and 
printed in 1603 in Peking.



寓數於形，表形以數。
數形結合，雙翼齊飛。

「算術及幾何，

天文學家藉著這對

翅膀翱翔天際，與

天比高。」 Robert Boyle

(1627-1691)

動態幾何軟件 GeoGebra 集
算術及幾何之長，正好配合中
國古算的優點，從中擷取合適
的歷史素材，用以製作程序顯
示，以輔助教學。



在以下的時段，我們
從中國古代數學典籍
中擷取不同的例子，
以展示上述這一點，
視乎餘下的時間有多
少，便講多少。

問題選自 :

❖《九章算術》
❖《海島算經》
❖《孫子算經》



Jiuzhang Suanshu [九章算術 Nine Chapters 

on the Mathematical Art]

ca. 100 B.C.E.  ⎯ 100 C.E.  

Commentary on Jiiuzhang  Suanshu                                       

by LIU Hui [劉徽]

Chapter 9 :  Gougu [勾股]

GUO Shuchun (郭書春), Jiuzhang Suanshu 

Yizhu [九章算術譯注 Translation and 

Annotation of the Nine Chapters on 

Mathematical Procedures], 2009.



❖Variation Theory in 

teaching/learning

(Ference Marton

and his team)

❖Bianshi method [變式]

in teaching/learning

(Gu Ling-yuan

[顧泠沅] and his

team)



問題 1 : 今有勾三尺，股
四尺，問 : 為弦幾何 ?

問題 2 : 今有弦五尺，勾
三尺，問 : 為股幾何 ? 

問題 3 : 今有股四尺，弦
五尺，問 : 為勾幾何 ? 

變式的「最低級版」



問題 4 : 今有圓材徑二尺
五寸，欲為方版，令厚七
寸。問 : 廣幾何 ?

問題 5 : 今有木長二丈，
圍之三尺。葛生其下，
纏木七周，上與木齊。
問 : 葛長幾何 ?



問題 6 : 今有池方一丈，
葭生其中央，出水一尺。
引葭赴岸，適與岸齊。
問 : 水深、葭長各幾何 ?

問題 7 : 今有立木，繫索
其末，委地三尺。引索卻
行，去本八尺而索盡。
問 : 索長幾何 ?

變式的「高級版」



問題 11 : 今有戶高多於
廣六尺八寸，兩隅相去
適一丈。問 : 戶高、廣
各幾何 ?

問題 12 : 今有戶不知高
、廣，竿不知長短。橫
之不出四尺，從之不出
二尺，邪之適出。問 :
戶高、廣、衺各幾何 ?
•••••••••



Given two out of the nine quantities

a, b, c, a + b, b + c, a + c , b − a, 

c − a, c − b, calculate the remaining ones.

(The problems refer to those in 

Chapter 9 of Jiuzhang Suanshu. )
a

cb

c > b > a

 a, b Problem 1, 5.

 a, c Problem 2, 4.

a, a + b 

 a, b + c Problem 13.

a, a + c  Problem 14.

a, b − a 

a, c − a 

 a, c − b Problem 6, 7, 8, 9, 10.



b, c  Problem 3.

b, a + b 

b, b + c 

b, a + c 

b, b − a 

b, c − a 

b, c − b 

 c, a + b

c, b + c 

c, a + c 

 c, b − a Problem 11.

c, c − a 

c, c − b 



 a + b, b + c

a + b, a + c 

a + b, b − a 

a + b, c − a 

a + b, c − b 

 b + c, a + c

b + c, b − a 

b + c, c − a 

b + c, c − b 

a + c, b − a 

a + c, c − a 

a + c, c − b 

 b − a, c − a

b − a, c − b 

c − a, c − b  Problem 12.



 a, b Jiuzhang Suanshu

 a, c Jiuzhang Suanshu

 a, b + c Jiuzhang Suanshu

 a c − b Jiuzhang Suanshu

 c, a + b Zhao Shuang (3rd century)

 c, b − a Jiuzhang Suanshu

 a + b, b + c Xiang Mingda (1825)

 b + c, a + c Zhu Shijie (1299)

 c − a, c − b Jiuzhang Suanshu

a

cb

c > b > a

Given two out of the nine quantities

a, b, c, a + b, b + c, a + c , b − a, 

c − a, c − b, calculate the remaining ones.



勾和和 (c+b)+a

勾較較 a-(c-b)

勾較和 (c-b)+a

勾和較 (c+b)-a

李鋭•《勾股算術細草》(1806)

Together with a, b, c, a + b,

b + c, a + c, b − a, c − a, c − b, 

there are 13 quantities, with 

78 combinations two chosen 

at a time.  LI Rui reduced 

these to basically 25 types and 

treated all of them.



* Problems 14 and 21 actually deal 
with Pythagorean triplets.

❖ Problems 1 to 14  

Solution of a right triangle 

(In-Out Principle ─ dissecting and 

re-assembling suitable pieces)

❖ Problems 15 and 16 * 

Inscribed square or circle in a 

right triangle 

(In-Out  Principle / Bilü [rates] between 

sides retained)

❖ Problems 17 to 24 *

Surveying problems involving 

a right triangle

(application of Bilü [rates])



Recruitment advertisement in a 

magazine in the Netherlands, 

April 27, 1999



Recruitment advertisement in a 

magazine in the Netherlands, 

April 27, 1999



Now given a bamboo 1 zhang
high, which is broken so that 
its tip touches the ground 3 
chi away from the base. 
Tell: what is the height of 
the break? 

Jiuzhang Suanshu

Chapter 9 , 

Problem 13.

a

cb

The problem also appeared (with 
different data) in Bhāskara’s 

Lilavati (12th century) and 
Calandri’s text (15th century). 



YANG Hui (楊輝), A Detailed 

Analysis of the Mathematical 

Methods in the ‘Nine Chapters’

《詳解九章算法》(1261)

Jiuzhang Suanshu

(Nine Chapters on the

Mathematical Art)

《九章算術》
(ca.100 B.C.E.- 100 C.E.)










+
−+=

)(
)(

2

1 2

bc

a
bcb



a

cb
Given a and c + b, 

calculate b.

Solution by a school pupil of today

Let L = c + b, then c = L − b.

But a2 + b2 = c2 = (L − b)2

= L2 − 2Lb + b2,

so    a2 = L2 − 2Lb,

or 2Lb = L2 − a2 ,



How was it done at 
the time, which was 

more than two 
thousand years ago? 

a

cb Given a and c + b, 

calculate b.

http://ggbtu.be/m2772025

http://ggbtu.be/m2772025
material-2772025-Jiuzhang-Suanshu--Chapter-9-Problem-13.ggb
m2772025-Jiuzhang-Suanshu--Chapter-9-Problem-13.html


Two persons A (Jia) and B (Yi) 
stood at the same spot. In the 
time when A walked 7 steps, 
B could walk 3 steps. B
walked east and A walked 
south. After 10 steps south A
turned to walk in a roughly 
northeast direction to meet B. 
How many steps had each 
walked (when they met)?

Jiuzhang Suanshu 

Chapter 9 , Problem 14.

a

b

c

Given 

(a + c) : b = 7 : 3 

and a = 10,  

calculate b and c.



Given (a + c) : b = 7 : 3  

and a = 10, calculate 

b and c.
a

b

c

Solution by a school pupil of today



The solution actually 

yields a method to 

construct Pythagorean 

triplets!

a : b : c

= (m2 – n2) /2 : mn : (m2 + n2)/2

where (a + c) : b = m : n .

b

a
c

http://ggbtu.be/m2754837

http://ggbtu.be/m2754837
material-2754837-Pythagorean-Triples.ggb
m2754837-Pythagorean-Triples.html


LI Jimin (李繼閔), 《九章算術》及其劉徽注硏究
[Study on Jiuzhang Suanshu and its 

Commentary by Liu Hui],1990. 

❖ Problems 1 to 14  

Solution of a right triangle 

(In-Out Principle ─ dissecting and 

re-assembling suitable pieces)

❖ Problems 15 and 16 

Inscribed square or circle in a 

right triangle 

(In-Out  Principle / Bilü [rates] between 

sides retained)

❖ Problems 17 to 24 

Surveying problems involving 

a right triangle

(application of Bilü [rates])



Now given a right-angled triangle 
whose gou is 5 bu and whose gu is 
12 bu. What is the side of an 
inscribed square? The answer is 3 
and 9/17 bu.

Jiuzhang Suanshu

[九章算術,compiled 

between 100 B.C.E. 

and  100 C.E.]  

Chapter 9, 

Problem 15. 



Jiuzhang Suanshu [九章算術,  compiled between 

100 B.C.E. and 100 C.E. ] , Chapter 9, Problem 15. 

Method: Let the sum of the gou
and the gu be the divisor; let the 
product of the gou and the gu be 
the dividend. Divide to obtain 
the side of the square.

Now given a right-
angled triangle whose 
gou is 5 bu and whose 
gu is 12 bu. What is the 
side of an inscribed 
square? The answer is 3 
and 9/17 bu.

x

x

(gu) a

(gou) b

A

B C

c (xian)



Method 1 (dissect-and-re-assemble)

Commentary by LIU Hui (劉徽)

[mid 3rd century]

Area = ab Area = (a + b) x

Method 2 (ratio and proportion)

⎯ coming in a minute !

ab =  (a + b) x

http://ggbtu.be/m2812253

http://ggbtu.be/m2812253
material-2812253-Square-Inscribed-in-a-Right-angled-Triangle.ggb
m2812253-Square-in-a-Right-angled-Triangle.html


Now given a right-angled 
triangle whose gou is 8 bu and 
whose gu is 15 bu. What is the 
diameter of its inscribed circle? 
The answer is 6 bu.

Jiuzhang Suanshu

[九章算術, compiled between 

100 B.C.E. and 100 C.E.] 

Chapter 9, Problem 16.



http://ggbtu.be/m697695

http://ggbtu.be/m697695
material-697695-Incircles-Radius-of-Right-Angled-Triangle.ggb
m697695-Incircles-Radius-of-Right-Angled-Triangle-by-LIU-H.html


Alternative proof of the formula in Problem 15 of 

Chapter 9 of Jiuzhang Suanshu (LIU Hui)

“To the top and to the right of the 
square there appear respective smaller 
right triangles. The relations between 
their sides retain the same rates as in 
the original triangle .”

方在勾中，則方之兩廉各自成小勾
股，而其相與之勢不失本率也。

Exercise : Find a similar proof for the formula

in Problem 16 of Chapter 9 of Jiuzhang Suanshu.



又畫中弦以相規會，則
勾、股之面中央小勾股
弦；勾之小股、股之小
勾皆小方之面，皆圓徑
之半。其數故可衰之。

“Draw a zhong xian [middle 
hypotenuse] through the centre 
to observe the availability of 
[useful] synthesis. There appear 
respective smaller right triangles. 
The smaller gou on the gu and the 
smaller gu on the gou are both 
sides of the small square, which 
is the radius of the inscribed 
circle. The method of cui
[proportion]  can be applied to 
the quantities.”

Alternative proof of the formula in Problem 16 of 

Chapter 9 of Jiuzhang Suanshu (LIU Hui)

Intriguing question: How did LIU Hui know that

Did he understand the property of the sum of angles 
of a (right) triangle?



Why is 
a1 + b1 + c1 = a ?

A plausible explanation?

http://ggbtu.be/m2811681

http://ggbtu.be/m2811681
material-2811681-Jiuzhang-Suanshu--Chapter-9-Problem-15.ggb
m2811681-Jiuzhang-Suanshu--Chapter-9-Problem-15.html


Today we see this 

relationship readily by 

the knowledge of 

similar triangles, but 

how would Chinese 

mathematicians in the 

past see it? 

a : b :c 
= a1 : b1 : c1 

= a2 : b2 : c2



LIU Hui’s Method of Double-Difference in 

Haidao Suanjing [海島算經 Sea Island 

Mathematical Manual] (3rd century) as illustrated 

in Gujin Tushu Jicheng [古今圖書集成 Complete 

Collection of Pictures and Writings of Ancient 

and Modern Times] (1726)



Explanation of the method of double 

difference (重差術) by LIU Hui (劉徽)
by YANG Hui (楊輝) in 1275



(The horizontal rectangle formed by part of 

the base and the vertical rectangle formed by 

part of the perpendicular are equal in area. 

Men of the past changed the names of their 

methods from problem to problem …)

勾(股)中容橫。股(勾)中容直。
二積皆同。古人以題易名。
若非釋名。則無以知其源。

楊輝，《續古摘奇算法(卷下)》
YANG Hui, Continuation of Ancient 

Mathematical Methods for Elucidating 

the Strange [Properties of Numbers] 

(Chapter II) (1275)

直

橫

股

勾 股

勾
直

橫

Compare with 
Proposition 43
Of Book I of 
Euclid’s 
Elements.





Question: When (and 
only when) will the 
two regions have 
equal area?

http://ggbtu.be/m2467811

A pedagogical extension to a 

locus problem (but with no 

historical context)  

http://ggbtu.be/m2467811
material-2467811-Equal-Area-Problem.ggb
m2467811-Equal-Area-Problem.html


LIU Hui’s Method of Double-Difference in 

Haidao Suanjing [海島算經 Sea Island 

Mathematical Manual] (3rd century) as illustrated 

in Gujin Tushu Jicheng [古今圖書集成 Complete 

Collection of Pictures and Writings of Ancient 

and Modern Times] (1726)



Aryabhata I

阿耶波多
(c.476-550)

Aryabhatiya 

《阿耶波多曆數表》

Book II, Stanza 16

The distance between the ends of the 
two shadows multiplied by the 
length of the first shadow and 
divided by the difference in length of 
the two shadows gives the kotī . The 
kotī multiplied by the length of the 
gnomon and divided by the length of 
the (first) shadow gives the length of 
the bhujā .
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The invention of the cross-

staff (or Jacob’s staff) has 

been credited to Levi ben 

Gerson (1288-1344). 

Orence Fine,De re 
& praxi geometrica 
(1556)

John Sellers, Practical
Navigation (1672) 



http://ggbtu.be/m2812113

Explanation of the 
formulae by YANG Hui 

(1275)

http://ggbtu.be/m2812113
material-2812113-Liu-Hui-Haidao-Suanjing.ggb
m2812113-Liu-Hui-Haidao-Suanjing--.html
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2 : 10 = 1 : 5

= 20,000 : ?

? = 100,000

[should be 
2 : 10 = 20000+2/1800  : ?]

Huainanzi (淮南子),Tianwenxun (天文訓)
[The Book of the Prince of Huai Nan, 
Chapter 3: Treatise On the Pattern of 

Heaven], 2nd century B.C. 

“To find the height of heaven, set up 
[two] gnomons ten chi high and 1000 li
apart due north-south. Measure their 
shadows (at noon) on the same day….”

Go to the south for 1000 li, 
the shadow diminishes by 
0.1 chi.

Go to the south for 1 li, 
the shadow diminishes 
by 0.1/1000 chi.

Go to the south for 20,000 
li, the shadow diminishes 
to zero chi.



Does y (shortening of the shadow) 

vary linearly with x (distance moved 
by the gnomon) ? 

YES , y varies linearly with x .



http://ggbtu.be/m2860149

How does the 

shortening of the 

shadow vary with 

the distance 

moved by the 

gnomon?

http://ggbtu.be/m2860149
m2860149-Huainanzi-.html
Huainanzi.ggb


ZHAO Youqin (趙友欽), Gexiang Xinshu

[革象新書 New Writing on the Images of 

Alteration], Chapter 5, Section on 

Measurement of Heaven with Gougu

(ca. 1280)

❖ Alexi Volkov, The mathematical work of Zhao 

Youqin: Remote surveying and the computation of 

π, Taiwanese Journal for Philosophy and History of 

Science, 5 (1) (1996).



http://ggbtu.be/m2744339

Method of 

extracting 

square root

http://ggbtu.be/m2744339
material-2744339-Finding-Square-Root.ggb
m2744339-Finding-Square-Root.html


《九章算術》Jiuzhang Suanshu (Nine Chapters 

on the Mathematical Art), compiled between 1st

century B.C.E. and 1st century.

Chapter 4 (Short Width) 少廣
Problem 12

Now given an area 55225 [square] bu. Tell: what is 

the side of the square?

…… The Rule for Extracting the Square Root: Lay 

down the given area as shi. Borrow a counting rod 

to determine the digit place. Set it under the unit 

place of the shi. Advance [to the left] every two digit 

places as one step. Estimate the first digit of the 

root. ……







Now given an area 55225 [square] bu. Tell: what is the 

side of the square?

…… The Rule for Extracting the Square Root: Lay 

down the given area as shi. Borrow a counting rod 

to determine the digit place. Set it under the unit 

place of the shi. Advance [to the left] every two digit 

places as one step. Estimate the first digit of the 

root. ……

If there is a remainder, [the number] is 

called unextractable, it should be defined 

as the side on which the square has the 

area of the shi [若開之不盡者，為不可
開，當以面命之。]. ……

Chapter 4 (Short Width) 少廣
Problem 12



《九章算術》
第四章(少廣)
第十六題

[the number] is 
called unextractable, 
it should be defined 
as the side on…

《九章算術》
第一章(方田)
第三十二題



垓 秭 穠 溝 澗

1020 1024 1028 1032 1036

億 兆 京
108 1012 1016

正 載 極 恒河沙
1040 1044 1048 1052

無量 大數
1068 1072

十 百 千 萬
10 102 103 104

阿僧祇 那由他 不可思議

1056 1060 1064



分 釐 毫 絲 忽
10−1 10−2 10−3 10−4 10−5

微 纖 沙 塵 埃
10−6 10−7 10−8 10−9 10−10

渺 漠 模糊 逡巡
10−11 10−12 10−13 10−14

須臾 瞬息 彈指 剎那
10−15 10−16 10−17 10−18





Extraction of  
square root with 

accompany number
(帶從開方法 )

《九章算術》Jiuzhang Suanshu (Nine Chapters 

on the Mathematical Art), compiled between 1st

century B.C.E. and 1st century C.E.

Chapter 9 (Right-angled triangles) 勾股

Problem 20

Now given a square city of unknown side, with 

gates opening in the middle. 20 bu from the north 

gate there is a tree, which is visible when one goes 

14 bu from the south gate and then 1775 bu

westward. Tell: what is the length of each side?





Expressed as a quadratic equation in 

today’s textbook, it reads





This is known in the Western world as “rule of khitai

(契丹算法? or is it a linguistic misunderstanding?)”.

Problem 1 in Chapter 7, 

Excess and Deficit

[盈不足] of Jiuzhang

Suanshu [九章算術,

Nine Chapters on the 

Mathematical Art], 

compiled between 1st

century B.C.E. and 1st

century.



今有共買物，人出八，盈三;人
出七，不足四。問:人數、物價
各幾何 ?

《九章算術》第七章(盈不足)第一題

N = 人數 , S = 物價 .
a = 所出 , 得 e = 盈 .
b = 所出 , 得 d = 不足 .

aN = S + e ,
bN = S - d . 

故有

(a – b)N = e + d, 
N = (e + d)/(a – b),

而 S = aN – e 
= (ad + be)/(a - b).



此乃今天初中學生熟悉的
方法，在二千多年前，符
號運算猶未發展起來，古
人循何思路解決問題呢?

今有共買物，人出八，盈三;人
出七，不足四。問:人數、物價
各幾何 ?

《九章算術》第七章(盈不足)第一題

N = 人數 , S = 物價 .
a = 所出 , 得 e = 盈 .
b = 所出 , 得 d = 不足 .

aN = S + e ,
bN = S - d .



《九章算術》Jiuzhang Suanshu 

(Nine Chapters on the Mathematical Art), 

compiled between 1st century B.C.E. and 1st

century C.E.

Problem 12, Chapter 7 
(Excess and Deficit  盈不足)

http://ggbtu.be/3507645

http://ggbtu.be/3507645
m3507645-The-Problem-of-Two-Rats.html


It is an assessment made out 
of historical context!



1 5             8 11           7 - 6

2 13           16 18          14 - 5

3 21           24 25          21 - 4

•      •            •           •            •             •

•       •             •           •            •             •

7 53           56 53          49 0

•      •             •          •            •             •

10 77           80 74         70 + 3

11 85           88 81         77 + 4    

12    93           96 88         84 + 5

今有共買物，人出八，盈三;人
出七，不足四。問:人數、物價
各幾何 ?

《九章算術》第七章(盈不足)第一題

N    物價(人出8)  物價(人出7) 物價相差

「此術意謂盈不足為眾人之差，以所
出率以少減多，餘為一人之差。以一
人之差約眾人之差，故得人數也。」



今有共買物，人出八，盈三;人
出七，不足四。問:人數、物價
各幾何 ?

《九章算術》第七章(盈不足)第一題

「此術意謂盈不足為眾人之差，以所
出率以少減多，餘為一人之差。以一
人之差約眾人之差，故得人數也。」

aN = S + e ,
bN = S – d . 
故有 (a – b) N = e + d,
即得

N = (e + d)/(a – b) ,
而 S = aN – e

= (ad + be)/(a – b) .



Method of double false position
Method of interpolation



Gaussian elimination method

《九章算術》Jiuzhang Suanshu (Nine Chapters on 

the Mathematical Art), compiled between 1st century 

B.C.E. and 1st century.

Problem 1, Chapter 8 (Rectangular Arrays 方程)

Now given 3 bundles of top grade paddy, 2 bundles of 
medium grade paddy, 1 bundle of low grade paddy. 
Yield: 39 dou of grain. 2 bundles of top grade paddy, 3 
bundles of medium grade paddy, 1 bundle of low grade 
paddy, yield 34 dou. 1 bundle of top grade paddy, 2 
bundles of medium grade paddy, 3 bundles of low grade 
paddy, yield 26 dou. Tell: how much paddy does one 
bundle of each grade yield? 

3x + 2y +  z =  39

2x + 3y +  z = 34

x + 2y + 3z = 26
modern version



a11 x1 + a12 x2 + … + a1n xn = C1

a21 x1 + a22 x2 + … + a2n xn = C2

••••••

ak1 x1 + ak2 x2  + … + akn xn = Ck

System of Linear Equations
Chapter 8 of Jiuzhang Suanshu
九章算術, ca. 1st century B.C.E. 
to 1st century C.E.

System of Linear Congruence 
Equations 
Sunzi Suanjing 孫子算經,4th/5th

century and Shushu Jiuzhang 
數書九章, 1247.



Sunzi Suanjing 《孫子算經》
[Master Sun’s Mathematical Manual] 

4th/5th century.



2 x 70 = 140

3 x 21 =   63

2 x 15 =   30

Add up to 

get 233. 
Modify by 

multiples of 105

to get 128, 23, 

338, 443, etc. 

T’is hard to find one man of seventy
out of three.

There are twenty-one branches on 
five plum blossom trees.

When seven persons meet, it is in the 
middle of the month.

Discarding one hundred and five, the 
problem is done. 

3 70

5 21

7 15

Answer

is 23



Oscar Zariski & Pierre Samuel, 

Commutative Algebra, Vol. I 
(1958), Chapter V,  p.279.

Chinese Remainder 

Theorem



Alexander Wylie 

(1815-1887)

A. Wylie, Jottings on the

Science of the Chinese. 

Arithmetic, North China 

Herald, 108-121, 1852.



Da Yan 大衍
(Great 

Extension) 

Art of 

Searching 

for Unity

Qin Jiu-shao

秦九韶 , 

Shushu 

Jiuzhang 

數書九章
(Mathematical 

Treatise in Nine 

Sections), 1247



about fortune telling

Shushu Jiuzhang 數書九章, Book I, Problem 1



about calendrical reckoning

Shushu Jiuzhang 數書九章, Book I, Problem 2



Shushu Jiuzhang 數書九章, Book II, Problem 5

about three thievies stealing rice



《九章算術》Jiuzhang Suanshu

(Nine Chapters on the Mathematical Art),

compiled between 

1st century B.C.E. and 1st century C.E.

Chapter 1 (Field Measurement)

Problem 32 : A circular field has a perimeter 

of 181 bu and a diameter of 60 and 1/3 bu.  

What is the area?



Why?

We cannot prove the formula 
at the primary school level.

Can you prove it at the 
secondary school level?

Yes, we can do it by calculus.

Somebody told me the area 
formula of a circle is not in the 
primary school syllabus. Is that 
so?

No, it is not in the syllabus. It 
was there before, but has been 
removed.

Really?



( junior primary/senior primary/
junior secondary/senior secondary
level ? )



When primary school 
pupils first encounter 
the formula for the 
area of a circle they 
are convinced of the 

validity of the formula 
by a heuristic 

reasoning.  

A heuristic reasoning 
is not a proof, at 

best a nice argument 
to help us discover 

the formula. 



http://ggbtu.be/m8222

One of the various heuristic 
means to explain the formula for 

the circumference of a circle

http://ggbtu.be/m8222
material-8222-Circumference-of-Circles-New.ggb
m8222-Circumference-of-Circles-New.html


http://ggbtu.be/m279

One of the various heuristic 
means to explain  the formula 

for the area of a circle

http://ggbtu.be/m279
material-279-Area-of-Circles.ggb
m279-Area-of-Circles.html


http://ggbtu.be/m1742359

Is π = 2 ?

material-1742359-pi=2.ggb
m1742359-pi=2.html
http://ggbtu.be/m1742359


http://ggbtu.be/m1742359

“Good heavens, how do I 
know when I can use 
limiting argument 
and when I cannot? 
I feel totally baffled!”

material-1742359-pi=2.ggb
m1742359-pi=2.html
http://ggbtu.be/m1742359


Many cautious teachers 
will add that a rigorous 

derivation of the 
formula rests upon the 
knowledge of calculus. 
At a later stage when 
calculus is taught the 
area formula would be 
customarily explained 

through a certain 
definite integral.  

But does that really
settle the problem?  



Question: How to explain the 

formula for the area of a circle in 

a rigorous way?





What has been 
carried out is a 
circular argument 
(no pun intended!)

Can we avoid a 
circular argument?

r



How does the magical 
constant π enter into 
the calculation of the 

circumference as well 
as the calculation of 
the area of a circle?

What happened in 
history? Can the wisdom 

of our ancestors 
enhance our 

understanding of the 
problem? 



❖Which is a “better” 

definition ?

❖ Why are they

equivalent ?



Bingo ! Clever but contrived 
“symbol-pushing”! What actually is going on ?



Now, the formula acquires a nice 
geometric meaning. It is a great 

discovery in the ancient world, both 
in the East and in the West.

Actually, this shows that 





Proposition 2, Book XII of 

Euclid’s Elements

Circles are to one another 

as the squares on their 

diameters.

A = area

d  = diameter



Unlike the area analog, such a theorem in this
explicitly and clearly stated form was not documented
anywhere in the ancient literature. Since 1994 I have
asked many people about this, but found an answer
only recently in a 2013 preprint of David Richeson
(arXiv: 1303.0904v2). I am glad to see that it
agrees with what I have been thinking for some time.

Circumferences are to 

one another as their 

diameters.

C = circumference

d  = diameter



David Richeson, 

Circular reasoning: 

who first proved 

that C divided by d 

is a constant? 

The College Mathematics 

Journal, 46 (3) (2015), 

162-171.





《九章算術》Jiuzhang Suanshu

(Nine Chapters on the Mathematical Art),

compiled between 

1st century B.C.E. and 1st century C.E.

Chapter 1 (Field Measurement)

Problem 32 : A circular field has a perimeter 

of 181 bu and a diameter of 60 and 1/3 bu.  

What is the area?



M.K. Siu, Proof and pedagogy in 

ancient China: Examples from Liu 

Hui's Commentary on JIU ZHANG 

SUAN SHU, Educational Studies in 

Mathematics, 24 (1993), 345-357.

Jiuzhang Suanshu 《九章算術》
(Nine Chapters on the Mathematical 

Art), ca. 100 B.C.E to 100 C.E.



LIU Hui (劉徽), Commentary on Jiuzhang 

Suanshu (《九章算術》注) (3rd century)

Not rigorous deductive reasoning , but 
makes sense, leading to the answer through 
algorithmic means.

“Dividing again and again until it cannot 

be divided further yields a regular polygon 

coinciding with circle, with no portion 

whatever left out. (割之又割，以至於不可割，

則與圓周合體而無所失矣。)”



http://ggbtu.be/m1743033

http://ggbtu.be/m1743033
material-1743033-Liu-Huis-Method-of-Finding-Pi.ggb
m1743033-Liu-Huis-Method-of-Finding-Pi.html


1 – dim. case

(boundary)

2 – dim. case

(enclosed 

region )

Fundamental  

Theorem of Calculus 

(Stokes’ Theorem)



George Stokes, setting the 

Smith’s Prize Examination at 

Cambridge University, made 

this Question 8 in 1854. 

George Gabriel Stokes 
(1819-1903)



First wave of transmission of 

Western learning in China:

late 16th to mid 17th century
Jesuits, Chinese scholar-officials, ministers 

Second wave of transmission 

of Western learning in China:

… and its wake:

mid 17th to mid 18th century
Jesuits, Emperor Kangxi (康熙), Chinese 
scholars

since mid 19th century 
Protestant missionaries, Chinese scholars, 
Prince Gong [Yixin, 恭親王奕訢] and 
officials in charge of “self-strengthening 
movement (自強運動)”

The three phases took place within quite 
different historical contexts and with 
quite different mentality.



first part of the 

17th century 

[Ming Dynasty]

「欲求超勝，

必須會通。」
(In order to surpass 

we must try to 

understand and to 

synthesize.)

first part of the 

18th century 

[Qing Dynasty] (Western learning 

has its origin in 

Chinese learning.)

「西學中源」

latter part of 

the 19th 

century [Qing 

Dynasty]

「師夷長技以制夷」

(Learn the strong 

techniques of the 

“[Western] barbarians” 

in order to control 

them.)



謝謝香港數理教育學會的
邀請，讓我有此機會與大
家談談中國古代數學。
謝謝柯志明先生應允作回
應嘉賓，與大家分享他的
高明識見。
同時，柯志明先生 也協助
製作大量GeoGebra 程序
顯示，以輔助講解。 香港
大學數學系呂美美女士協
助製作圖片為講座添色，
謹此一併致謝。


