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 中小學數學課堂上傳授的基本知 
 識和技能，很大部份已經有數百 
 年以至數千年的歷史。從古代至 
 十七世紀的東西方數學典籍當中， 
 記載了相當多的部份。回顧從中 
 國古代至十六世紀的傳統數學， 
 至明末清初西學東漸合流會通， 
 演變成為二十世紀以降在華人教 
 育圈中的現代中小學數學內容。 
 這方面的探討，不只有其數學意 
 義，也富有文化意義，對教與學， 
 都有裨益。 

 去年五月的講座 (「中國古算今譚 ─  

  從傳統數學至西學輸入至現代課堂 
 數學」) 可視為這項嘗試的「前傳」， 
 今年五月的講座將會集中討論中學的 
 幾何課程。 



 在某種意義上，一位現代 
 中學生初學綜合幾何所碰 
 到的「文化衝擊」，與徐 
 光啟初遇上歐幾里得 
 《原本》的體驗或者有些 
 共通點。固然，今人與四 
 百多年前的古人身處的世 
 界及成長環境有別，不能 
 直接由此及彼作出完全令 
 人信服的推論，但從認知 
 層面而言，嘗試從這個角 
 度切入探討一下亦饒有趣 
 味，甚至可能對教學有所 
 啟迪也說不定。 



故事由十五、十六世紀
西方的「探索年代」開
始。當時歐洲人找到一
條通到東方的海路，不
同類別的人，因不同的
理由來到東方，其中有
一批是傳教士。傳教士
除了宣傳福音外，還揭
開了東西方兩大文明的
知識和文化交流重要的
一頁。 



約自1570 年至1650 年這 
段期間，來到中國宣揚 
基督教義最突出的傳教 
士來自創立於 1540 年的 
耶穌會。本講只述說耶 
穌會傳教士利瑪竇 

(Matteo Ricci , 1552-1610)，
而在他把西方學識傳入 
中國的眾多貢獻中，則 
只討論他與徐光啟 

(1562-1633) 翻譯歐幾里得 
《原本》的合作經過。 



Town map of  Macau 

(17th / 18th century ?) 

The Portuguese 

established posts 

at Goa in 1510 

and at Malacca 

in 1511. 

In 1557 the Ming 

Court gave 

consent for 

establishment  

of an official 

Portuguese trade 

post at Macau. 

Map of Macau, Hong Kong and Canton 

[Guangzhou] (late 19th century) 



Christopher Clavius (1538-1612) 

http://upload.wikimedia.org/wikipedia/commons/3/35/Christopher_Clavius.jpg


A statue of Matteo Ricci was erected on 
August 7, 2010 at the archeological 
remains of Colégio de Säo Paulo  
(St. Paul’s College) in Macau. 

St. Paul’s College, founded by the Jesuit 
Alessandro Valignano (1539-1606) in 
1594, was the first western–style 
university in the Far East. 



The Master From the West 
An Exhibition Commemorating the 400th 
Anniversary of the Passing of Matteo Ricci 
Macau Museum of Art  
August 7 – October 31, 2010 



Matteo Ricci 利瑪竇 

(1552-1610) 

Nicolas Trigault 金尼閣
(1577-1628) 

China in the Sixteenth Century: The 

Journals of Matthew Ricci, 1583-1610 

(transl. L.J. Gallagher, 1942; 1953) 

Histoire de l’expedition chretienne au 

royaume de la Chine,  1582-1610 

(transl. G. Bessiere, 1978) 

《利瑪竇中國札記》何高濟、王遵仲、
李申譯， 1983 



“… Whoever may think that ethics, 

physics and mathematics are not 

important in the work of the 

Church, is unacquainted with the 

taste of the Chinese, who are slow 

to take a salutary spiritual potion, 

unless it be seasoned with an 

intellectual flavouring. … All this, 

what we have recounted relative 

to a knowledge of science, served 

as seed for a future harvest, and 

also as a foundation for the 

nascent Church in China…” 

 China in the Sixteenth Century: The Journals of Matthew 

Ricci, 1583-1610 [compiled by Nicolas Trigault and 
published in 1615; translated from Latin into English by L.J. 
Gallagher in 1942; 1953] 



“The result of such a system is 

that anyone is free to exercise 

his wildest imagination relative 

to mathematics, without offering 

a definite proof of anything. In 

Euclid, on the contrary, they 

recognized something 

different, namely, 

propositions presented in 

order and so definitely proven 

that even the most obstinate 

could not deny them.” 

 China in the Sixteenth Century: The Journals of Matthew Ricci, 1583-

1610 [compiled by Nicolas Trigault and published in 1615; 
translated from Latin into English by L.J. Gallagher in 1942; 1953] 

Is it ? 



Chinese translation 
 by Matteo Ricci and 
XU Guang-qi (1607) 

C. CLAVIUS, 

EUCLIDIS 

ELEMENTORUM 

LIBRI XV  

(1574; 1589) 

 

EUCLID’S 

ELEMENTS  

(c. 300 B.C.E.) 

幾
何
原
本 



“When he [Xu Guang-qi] began to 

understand the subtlety and 

solidity of the book, he took such a 

liking to it that he could not speak 

of any other subject with his fellow 

scholars, and he worked day and 

night to translate it in a clear, firm 

and elegant style. …… Thus he 

succeeded in reaching the end of 

the first six books which are the 

most necessary and, whilst 

studying them, he mingled with 

them other questions in 

mathematics.” 

Account by Matteo Ricci (Matteo 
Ricci, Opere storiche, I & II, edited 
by Father Tacchi Venturi, 1910-1913) 

In Henri Bernard (裴化行 ), Apport scientifique du père Mattieu 
Ricci à la Chine [translated by Edward Chalmers Werner as 
Matteo Ricci’s Scientific Contribution to China, 1935] 



“He [Xu Guang-qi] would 

have wished to continue to 

the end of the Geometry; but 

the Father [Matteo Ricci] 

being desirous of devoting his 
time to more properly 
religious matters and to rein 
him in a bit told him to wait 

until they had seen from 

experience how the Chinese 

scholars received these first 

books, before translating the 

others.” 

Account by Matteo Ricci (Matteo 
Ricci, Opere storiche, I & II, edited 
by Father Tacchi Venturi, 1910-1913) 

In Henri Bernard (裴化行 ), Apport scientifique du père Mattieu 
Ricci à la Chine [translated by Edward Chalmers Werner as 
Matteo Ricci’s Scientific Contribution to China, 1935] 



「太史意方銳，欲竟之。
余曰：止，請先傳此，使
同志習之，果以為用也，
而後徐計其餘。太史曰：
然，是書也，苟為用，竟
之何必在我。遂輟譯而
梓。」  
           利瑪竇 
          《幾何原本》序 (1607) 

「續成大業，未知何日， 
 未知何人。」 
    徐光啟 •《幾何原本》修訂版序 
                          (1611) 



translation by XU 

Guangqi and Matteo 

Ricci (1607) 

Book I to Book VI 

translation by LI 

Shanlan and 

Alexander Wylie 

(1857) 

Book VII to Book XV 

250 years ! 

(based on Latin  

compilation by  

Christopher Clavius, 

1574/1589) 

(based on English 

translation by Henry 

Billingsley, 1570) 



《幾何原本十五卷》金陵足本 (1857/1865) [偉
烈亞力(Alexander Wylie)口譯，李善蘭筆授，
於1857年刊行，惜不久即遇上太平兵變及英
法聯軍入侵，版燬無傳。遞至曾國藩駐守金陵
(即今南京)，李善蘭向曾氏述及此書之重要，
曾氏逐出資重印該書，十五卷(前六卷乃明代
徐光啟與利瑪竇(Matteo Ricci) 合譯之刻本)
於1895年再現中土。] 

Courtesy from the Hong Kong University Libraries 

Translation of Book VII  to Book XV of 
Elements by LI Shanlan and Alexander Wylie 
(1857), completing the translation of (fifteen 
books of) Elements. 



 Shu Li Jing Yun (Collected Basic 

Principles  of Mathematics 數理精蘊), 
53 volumes. 

Compilation of Lü  Li Yuan Yuan (Origins of 

Mathematical Harmonics and Astronomy  

律曆淵源) commissioned by Emperor Kangxi 

(project started in 1713, published in 1722/23) 

 Li Xiang Kao Cheng (Compendium of 
Observational Computational 

Astronomy 曆象考成 ), 42 volumes. 

 Lü Lü Zheng Yi (Exact Meaning of 

Pitchpipes 律呂正義 ), 5 volumes.  



《數理精蘊》卷二至 
 卷四 [幾何原本] 



Elémens de géométrie by Ignace 

Gaston Pardies (1636-1673),  

1
st

 edition 1671; 6
th

 edition 1705. 

《數理精蘊》卷二至 卷四 [幾何原本] 
  的底本，與利徐二氏翻譯的幾何原 
  本並不相同。 



M.K. Siu, Success and failure of XU Guang-qi: Response to 

the first dissemination of European science in Ming China, 

Studies in History of Medicine and Science, Vol. XIV, 

 Nos. 1-2, New Series (1995/96), 137-179. 

                         《漕河議》 

《量算河工及測驗地勢法》 

《幾何原本》 

《測量法義》 

《測量異同》 

   《勾股義》 

《簡平儀說》 

《選練條格》
《火炮要略》 

《甘薯疏》 《泰西水法》 

《吉貝疏》 《農政全書》 

《蕪菁疏》 

 

                 

《崇禎曆書》 

徐光啟事略 



「度數旁通十事」： 
「其一（天氣），其二（測量），  
  其三（樂律），其四（軍事）， 
  其五（會計），其六（建築）， 
  其七（機械），其八（輿圖）， 
  其九（醫學），其十（時計）。 
 

右十條於民事似為 
關切。臣聞之周髀 
算經云：禹之所以 
治天下者，句股之 
所繇生也。蓋凡物 
有形有質，莫不資 
於度數故耳。」 
         
         徐光啟，條議曆法修正歲差疏,1629 

徐光啟  
XU  Guang-qi 
(1562-1633) 



 雖然徐光啟強調數學 
 的應用，但他有足夠 
 的視野洞識《原本》 
 本質的特點。 
 在《幾何原本》刻本 
 序言(1607)他寫道： 

 「由顯入微，從疑得 

   信，蓋不用為用， 
   眾用所基，真可謂 
   萬象之形囿，百家 
   之學海。」 



徐光啟如何認識他 
  剛從Clavius 編纂的 
  Euclidis Elementorum 
    學到的幾何呢？ 
 

徐光啟如何理解書 
  中的思想、方法和 
  表達形式，那些都 
  與他熟悉的中國傳 
  統數學很不相同？ 
 



  西泰子之譯測量諸法也， 

十年矣。法而系之義也， 

自歲丁未始也。曷待乎？ 

 於時幾何原本之六卷始 

 卒業矣，至是而後能傳 

 其義也。是法也、與周 

 髀九章之句股測望、 

 異乎？不異也。不異， 

 何貴焉？亦貴其義也。 

                    徐光啟 ，題《測量法義》 

                                                  (1608) 



  九章算法句股篇中故 

 有用表、用矩尺測量 

 數條，與今譯測量法 

 義相較，其法略同。 

 其義全闕，學者不能 

 識其所繇。既具新論，

以考舊文，如視掌矣。  
  

        徐光啟， 《測量異同》緒言 

                                               (1608) 



   不知其中有理、有
義、有法、有數。
理不明不能立法，
義不辨不能著數。 
 明理辨義，推究頗
難；法立數著，遵
循甚易。 

徐光啟，測候月食奉旨回奏疏  

                                        (1629) 
 



“… but nothing pleased 

the Chinese as much as 

the volume on the 

Elements of Euclid. This 

perhaps was due to the 

fact that no people esteem 

mathematics as highly as 

the Chinese, despite their 

method of teaching, in 

which they propose all 

kinds of propositions but 

without demonstrations.” 

 當真?   



已知 AC 是直角三角形 ABC 的
斜邊，求作三角形的內接正方
形 BDEF，其中點D、點E、點F
分別在AB、AC、BC 上。 



這道題目並不在歐幾里得《原本》出現。
假若《原本》有這一道題目，你猜證明
會是怎樣的呢?  

BE (E 在 AC 上)平分
ABC  [卷一命題九 ]； 

作垂直線ED，EF (D 在
AB 上，F 在 BC 上)  
[卷一，命題十二]；  
證明 BDEF 是所求的正
方形。 
 

  



Square Inscribed in a 
Triangle 

http://ggbm.at/6255332    

http://ggbm.at/6255332
Square Inscribed in a Triangle.ggb
Square-Inscribed-in-a-Triangle.html


Problem 69 in A geometrical extraction, 

or, A compendium collection of the 

chiefest and choisest problems by 

John Speidell (1616) 



求作三角形 ABC 的內接正
方形 DEFG，其中點 D、
點 E 分別在 AB、AC 上， 
點 F、點 G 在 BC 上。 



「術曰：並句、股 
  為法，句股相乘 
  為實，實如法而 
  一，得方一步。」 

《九章算術》[ 成書於公元前一世紀至公元一世紀之間 ]   

  第九章第十五題  

「今有句五步，
股十二步。問：
句中容方幾何。
答曰：方三步一
十七分步之九。」 

x 

x 

(gu) a 

(gou) b 

A 

B C 

c (xian)  



Method  (dissect-and-re-assemble) 

Commentary by LIU Hui (劉徽)  

[mid 3rd century] 

Area = ab Area = (a + b) x 

ab =  (a + b) x 

http://ggbtu.be/m2812253 

http://ggbtu.be/m2812253
material-2812253-Square-Inscribed-in-a-Right-angled-Triangle.ggb
m2812253-Square-in-a-Right-angled-Triangle.html


Calculate x in terms  
of b, h. 





Alternative proof of the formula in Problem 15 of 

Chapter 9 of Jiuzhang Suanshu (LIU Hui) 

“To the top and to the right of the  
square there appear respective smaller 
right triangles. The relations between 
their sides retain the same rates as in 
the original triangle .” 

方在勾中，則方之兩廉各自成小勾
股，而其相與之勢不失本率也。 



(The horizontal rectangle formed by part of 

the base and the vertical rectangle formed by 

part of the perpendicular are equal in area. 

Men of the past changed the names of their 

methods from problem to problem …) 

勾(股)中容橫。股(勾)中容直。 
二積皆同。古人以題易名。 
若非釋名。則無以知其源。 

楊輝，《續古摘奇算法(卷下)》 
YANG Hui, Continuation of Ancient 

Mathematical Methods for Elucidating 

the Strange [Properties of Numbers] 

(Chapter II) (1275)  

直 

橫 

股 

勾 股 

勾 
直 

橫 

Compare with 
Proposition 43 
Of Book I of 
Euclid’s  
Elements. 





Question: When (and 
only when) will the 
two regions have 
equal area? 

http://ggbtu.be/m2467811 

A pedagogical extension to a 

locus problem (but with no 

historical context)   

http://ggbtu.be/m2467811
material-2467811-Equal-Area-Problem.ggb
m2467811-Equal-Area-Problem.html


LIU Hui’s Method of Double-Difference in  

Haidao Suanjing [海島算經  Sea Island 

Mathematical Manual] (3rd century) as illustrated  

in Gujin Tushu Jicheng  [古今圖書集成 Complete 

Collection of Pictures and Writings of Ancient  

and Modern Times] (1726) 



楊輝在《續古摘奇算法》(1275)  
對劉徽的重差術 (《海島算經》)  

作了解釋 



http://ggbtu.be/m2812113  

   楊輝對劉徽的重差術 
的解釋 
(1275) 

http://ggbtu.be/m2812113
material-2812113-Liu-Hui-Haidao-Suanjing.ggb
m2812113-Liu-Hui-Haidao-Suanjing--.html
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這題目的更一般型式，見諸利徐二氏
翻繹的《幾何原本》(Clavius 本) 卷六
的附加命題十五。 

 

以點 D 分割 AB， 
令 AD : DB = AB : BC  
[卷六，命題 10]； 作 
DE 平行 BC ，EF 平行 
AB，(E 在 AC 上，F 在 
BC 上）；DBFE 就是所
需的內接正方形。 



 徐光啟，  
《勾股義》 
 (1609) 

第
能
言
其
法 

不
能
言
其
義
也 



已知容方邊長為句乘股除以句加
股。先製作 AEFG 與 ABCD 等
面積，AEFG 的一邊是句加股 
(BE = BC)，另一邊便是求作容 
方的邊。由此證明點 H 分割  
AB 滿足 AH:HB = AB:BC。符合

附加命題十五的要求。  

 徐光啟，  
《勾股義》(1609) 

第四題: 句股求容方。法曰:甲乙
股三十六，乙丙句二十七，求容方。
以句股相乘為實，并句股得甲戊六
十三為法，除之得容方辛乙、乙癸、
各邊。俱一十五四二八。… 



其實徐光啟是具備足
夠綜合幾何知識去直
接證明 HB = HI。 
首先，AEFG 與
ABCD 等面積，故 
AB : EF = AE : BC， 
即 AB : HI = AE : BC。 

然而，AH : HI  = AB : BC， 
故 AH+HI : HI = AB+BC : BC， 
即 AH+HI : HI = AB+BE : BC  

                            = AE : BC， 
因此 AB = AH + HI ， 
即 HB = HI。 



徐光啟在書中用到的 
複雜推論，看來 

  迂迴而且非必要。 
可能，這顯示了西方 
與中國處理數學的方式 

有某種不協調， 
勉強把一種方式塑造 
成另一種，硬套進去， 
便顯得很不自然了。  

 徐光啟，  
《勾股義》(1609) 



Problem 15 in Chapter 9 of Jiuzhang 

Suanshu (九章算術) 

Added Proposition 15 of Book VI in 

Euclidis Elementorum Libri XV 

AD : DB = AB : BC 



► accustomed to the notion of  proof  

    and logic . 
► the joy of discovery and the joy of  
     succeeding in understanding something  
     which was tangible (you can at least  
     draw some pictures even if you do not  
     know why it has to be like that at first)  
     but not obvious (you do not know why  
     it is like that at first).  
►Geometry is a subject in which one can  
     exercise logical discipline and free  

    imagination at the same time . 
►geometric viewpoint  
    (flexibility in framework). 
  

   I was brought up [in school] with a large dose  
   of synthetic  geometry replete with lots of  
   proofs and construction problems. 

  M.K. Siu, Learning and teaching of analysis in the 

  mid twentieth century: A semi-personal observation, 

  One Hundred Years of  L'Enseignement  

  Mathématique, ed. D. Coray et al, 2003, 177-190. 



The plan adopted throughout is to develop each 
group of geometrical facts by the following 
successive stages: - 

(i) Examples for oral discussion. 

    These are illustrated extensively by diagrams 
in order to simplify black-board work. 
    This oral work gives the pupil a clear 
understanding of the relevant facts, familiarizes 
him with the arguments which will be used 
later in the formal proofs of theorems, and 
trains him in methods for solving riders.  It 
includes, when appropriate, questions in which 
the data are numerical. 

(ii) An exercise of numerical examples. 
…… 
(iii) Formal proofs of the corresponding  
        theorems. 
…… 

(iv)  An exercise of riders. 
…… 

Preface of Durell’s A New 

Geometry for Schools (1939) 



The work in Stage A gives practice in the use of 
instruments, and deals with the fundamental facts 
associated with parallels, congruence, and similarity. 

           Preface to Durell’s  A New Geometry for Schools 

                                                                     (1939) 



C.V. Durell,  

A New Geometry 

For Schools : 

Stage A (1939). 



Those teachers and examiners who are in a 
position to compare the results obtained by the 
teaching of Geometry in schools today with 
those obtained before the dethronement of 
Euclid agree almost unanimously that there 
have been both gain and loss. On the one hand, 
almost all  pupils today acquire much more 
power in applying and reasoning from the 
fundamental facts of Geometry than did their 
predecessors, but, on the other hand, their 
reasoning is often less rigorous, and the average 
pupil often fails lamentably to reproduce the 
standard proofs when called upon in 
examinations. 
 Almost all would agree that 
the gain outweighs the loss; 
for the educational value of 
the subject lies far more in 
the former than in the latter 
accomplishment. … the loss 
need not accompany the 
gain, ….  

 A.B. Mayne, Preface to The Essentials of School 

 Geometry (1933) 

First edition 1933 











Steiner-Lehmus 定理 

若三角形 ABC  底角的角平

分線相等，則 ABC  是等腰。 

其逆定理是否成立? 

若 ABC  是等腰
三角形，則底 
角的角平分線 

相等。 

在1840年 C.L. Lehmus 向 Jacob Steiner 提出這個 
問題， Steiner 解答了，但沒有即時發表。Lehmus  

自己也於1850年解答了，並發表了證明，但少為 
人知 。在 1963年 G. Gilbert 和 D. MacDonnell 在 

American Mathematical Monthly 上發表了一個很簡潔
的證明，原來即是一百多年前 Lehmus 的證明! 



起首章:數學是什麼? 

劉薰宇,《數學趣味》, 
香港今代圖書公司, 1958 
（原版, 開明書店, 1933) 



  C. Godfrey, A.W. Siddons,  

  Modern Geometry, Cambridge University 

  Press, 1954; first published in 1908. 

Desargues’ 

Theorem  

若∆ABC 及 ∆A’B’C’ 
有透視中心   
(in perspective 

centrally)， 
則必有透視軸  
(in perspective  

axially)； 
反之亦然。 



Desargues’ 

Theorem (3D) 

http://ggbm.at/6039247  

http://ggbm.at/6039247
Desargues' Theorem (3D).ggb
Desargues-Theorem-3D.html


  C. Godfrey, A.W. Siddons,  

  Modern Geometry, Cambridge University 

  Press, 1954; first published in 1908. 

Chapter XI.  

Inversion 



" ….. Further, in many school 
certificate courses there is 
increasing  emphasis on the 
practical aspect of geometry 
and in consequence much 
less time is now spent on 
formal and theoretical work 
than formerly.  ….. " 

C.O. Tuckey, 

F.J. Swan, 

Geometry for 

Sixth Forms, 

Longmans, 

Green & Co 

Ltd, 1948.  







Q: Is the construction 
 always possible? 



    A.B. Mayne, The Essentials 

   of School Algebra (1938) 



If each pair of opposite 

sides of a quadrilateral are 

equal, is the quadrilateral 

a parallelogram? 





幾何的世界，既真實 
也抽象。如何能夠在 
數學課堂構建一個幾 
何的世界，搭建起抽 
象世界和真實世界之 
間的橋樑，以彌合虛 
擬（抽象的、理論的）
世界和真實（具體的）
世界之間的差距 ?  
透過這樣做，讓初學者
感到自在，而不是脫離
了生活。 
 



 
一些有關幾何教學 

    長期富爭議的問題： 
 

 經驗知識 (“物理” 

    幾何) 和理論知識 
  (“純”幾何)  

 啟發式解釋和正式 
  證明 

 直覺和演繹推理  

 空間的理解和計算 
  技能 



Geometry is grasping space … 
grasping that space in which the 
child lives, breathes and moves. 
The space that the child must 
learn to know, explore, conquer, 
in order to live, breathe and move 
better in it. …Geometry is one of 
the best opportunities that exists 
to learn how to mathematize 
reality. It is an opportunity to 
make discoveries …teaching 
geometry is an unparalleled 
struggle between ideal and 
realization. 

H. Freudenthal, 

Mathematics as an 

Educational Task 

(1973), 

Chapter XVI: The Case 

of Geometry. 



 

“幾何眼(geometrical 

  eye)”= “即使脫離了 

   圖形也能看出其中幾何 

   性質的能力” 

 C. Godfrey, The Board of 

Education circular on the 

teaching of geometry, Math. 

Gazette, 5 (1910), 195-200. 

 C. Godfrey, A.W. Siddons, 

 Elementary Geometry,  

 Practical and Theoretical 

 (1903). 



N. Rouche, Reaction to papers on geometry, 
in One Hundred Years of L’Enseignement 
Mathématique: Moments of Mathematics 
Education in the Twentieth Century, ed. D. 
Coray et al, 2003, p.156. 

這兩個三角形的面積 
是否相等？  



幾何在不同的領域 
都會出現 

中學代數 (運用圖形解題， 
座標幾何) 

線性代數 ([Euclidean]內積 
空間) ― 這是基於 Euclid –  

 Hilbert – Dedekind 的幾何公 
理系統） 

微積分 (曲線和曲面) 

抽象代數、數論、組合數學，
(包括有限幾何、代數結構、 
Diophantus方程、 …) 

物理 (包括 Gauss、Riemann、
Poincaré 及Einstein 的工作)  



1869  James Joseph Syvester  

          (1814-1897) 

          ─  a plea for the mathematician, 

              Nature, 1 (1869-70). 

 

1868  James Maurice Wilson  

          (1836-1931) 

          ─  Elementary Geometry. 

 

1868  August De Morgan (1806-1871) 

          ─  Review on Wilson’s textbook. 

          Charles Lutwidge Dodgson  

          (1832-1898) 

          ─  Euclid and his Modern Rivals. 

          Isaac Todhunter (1820-1884) 

          ─  Euclid for the Use of Schools  
                   and Colleges: Comprising  the   
                   First  Six Books and  Portions  
                   of  the  Eleventh  and Twelfth  
                  Books  (1862). 



“The early study of Euclid 
made me a hater of 
Geometry, which I hope 
may plead my excuse if I 
have shocked the 
opinions of any in this 
room (…) by the tone in 
which I have previously 
alluded to it as a 
schoolbook; ”  

The Collected 
Mathematical Papers of 
James Joseph Sylvester, 
Volume II, edited by H.F. 
Baker (four volumes, 
1904-1910). James Joseph Sylvester 

(1814-1897) 



“and yet, in spite of this 
repugnance, which had 
become a second nature 
in me, whenever I went 
far enough into any 
mathematical question, I 
found I touched, at last, a 
geometrical bottom.” 

The Collected 
Mathematical Papers of 
James Joseph Sylvester, 
Volume II, edited by H.F. 
Baker (four volumes, 
1904-1910). James Joseph Sylvester 

(1814-1897) 



1870  Meeting of 36  

          headmasters of  

          public schools  

 

1871  Special Committee of 

          the British Association  

          for the Advancement 

          of Science 
                 Arthur Cayley (1821-1895) 

                    T. Archor Hirst (1830-1892) 

                    William Kingdon Clifford  

                    (1845-1879) 

                    George Salmon (1819-1904) 

                    Henry John Stanley Smith  

                    (1826-1883) 

                    James Joseph Sylvester 

                    (1814-1897) 

                    James Maurice Wilson  

                    (1836-1931)        

  



1871  AIGT (Association 

         for the Improvement  

         of Geometrical  

         Teaching)  
[became Mathematical  

Association in 1897, with 

official journal Mathematical 

Gazette started in 1894] 

         

   ─  syllabus of  plane 

        geometry in 1875. 

   ─  AIGT Reports issued 

        through 1893. 



1901   John Perry  

           (1850-1920) 

            ─  The teaching of 

                 mathematics,  

                 Educational 

                 Review, 23 

                 (1902),158-181. 

 

1903   Sequence of Euclid 

           no longer enforced 

           in examinations in 

           Oxford University 

           and Cambridge 

           University.  



 R. Thom, Les mathématiques 

     modernes: Une erreur pédagogique 

     et philosophique? L’Age de la 

     Science, 3 (1970), 225-236; American 

     Scientists, 59 (1971), 695-699.  

 J.A. Dieudonné, Should we teach  

     “modern” mathematics? American 

     Scientists, 61 (1973), 16-19.  

中譯文見於「新數學課程的爭議」,《抖擻》, 
 13 (1976), 29-39. 

 G. Howson, Geometry: 1950-70,  

    in One Hundred Years of L'Enseignement 

    Mathématique, edited by D. Coray et al,  

    2003, 115-131. 

“A bas Euclide  

(Down with Euclid)!” 

   [famous slogan of J.A. Dieudonné  

   at the Royaumont Seminar of OECE 

   (now OECD) in November of 1959] 



 Adrien-Marie Legendre, Eléments de 

géométrie (1794; many editions;  

English translation by Charles Davies  

in 1852) 

“Davies’ Legendre” means geometry in  

the United States in the second half of  

the nineteenth century! 



A.C. Clairaut, 

Elements de 

géomé trie  

(1741; 1753)  

Alexis Claude Clairaut 

(1713-1765) 



「雖然幾何本身是一個抽象的
學科，但是必須承認，導致初
學者沮喪的困難，大多源於按
照初等課本的教授方式。它們
一開始總是搬出大量的定義，
公設，公理和一些預備原則，
這些似乎毫無用途的敍述，只
會使讀者感覺枯燥。接著而來
的定理或者沒有引起讀者的興
趣，或者是難於理解的。因此， 

A.C. Clairaut, Elements de 

géométrie (1741; 1753)  

Alexis Claude 

Clairaut (1713-1765) 

最後初學者身心疲
憊而放棄，之前他
們完全不明白課本
要教他們什麼。」 



有呈現它被發
現的方式。」 

「…但我希望還有另外 
  一個重要的用途，它 
  使讀者養成探索和發 
  現的習慣，因為我小 
  心避免以定理的形式 
  來陳述一個命題；也 
  就是說，我避免只證 
  明命題的真實性卻沒 

A.C. Clairaut, Elements de 

géométrie (1741; 1753)  

Alexis Claude 

Clairaut (1713-1765) 



To make a square equal in area 
to two equal (smaller) squares. 

D 

A 

F C 

E 

d 

h 

ACEh is a square 

ACEh = ADCd + CFEd 

XVI 

A.C. Clairaut, Eléments de géométrie (1741; 1753) 



To make a square equal in area 
to two other taken together. 

D 

A 

F C 

E 

h 

XVII 

Following the trend of thought in XVI 
we try to find a point H on DF such 
that  
(i) when ADH is turned around A and 
when EFH is turned around E, they 
join at a point h. 
(ii) AH, HE, Eh, hA are equal and 
perpendicular. 

H 

d 

f 

Take H on DF such that  

DH = CF = EF. 



The square on the 
hypotenuse of a right 
triangle is equal to the 
sum of the squares on 
the two other sides.  

(Pythagoras Theorem)  
 

XVIII 



「此書為用至廣， 

在此時尤所急須。 

…利先生作敘，亦 

是最喜其亟傳也。 

意皆欲公諸人人， 

令當世亟習焉，而 

習者蓋寡。竊意百 

年之後必人人習 

之，即又以為習 

之晚也，而謬謂 

余先識，余何先 

識之有。」 

徐
光
啟  

幾
何
原
本
雜
議 

    徐光啟 •《幾何原本雜議》 

                                 (1607) 



「京師諸君
子即素所號
為通人者，
無不望之反
走，否則掩
卷而不讀， 

或讀之亦茫
然而不得其
解。」 

李子金序，《數學鑰》 
 (杜知耕，1681) 



 「自明之末葉， 
利瑪竇等輸入當 
時所謂西學者於 
中國，而學問研 
究方法上，生一 
種外來的變化。 
其初惟治天算者 
宗之，後則漸應 
用於他學。」 

    梁啟超，《清代學術概論》 
    (原刊載於《改造雜誌》 
     1920, 1921) 



「《幾何原本》，徐交定僅譯前六
卷，至李壬叔乃續成之。然第十卷
之理甚深，非初學者所能解。即西
人學校通習者，亦僅在前六卷。」 

「故偉烈亞力謂西人欲求此書善本，
當反索之中國矣。學者初但觀徐譯，
久之此學日深，神明其法，自能讀
全書也。(《數理精蘊》本較簡，
然究以讀原書為佳。)」 

「《形學備旨》序，謂有許多要題，
乃近世新得，不在《幾何原本》之
內者，西國每譯幾何，必將要題增
補於各卷之後，今李譯皆無之云云。
然則讀幾何者，不得不兼讀此書
矣。」 

                                       梁啟超，西學書目表序例 
                   《時務報》第八册 (1896) 



The Complete Meaning 

of the Science of Figures 

(形學備旨), compiled by 

Calvin Wilson Mateer 

(狄考文) and Zou Li-

wen (鄒立文)  [believed 

to be a selected 

translation of a book by 

Elias Loomis], 1885 



夫歐幾里得之書，條理
統系，精密絕倫，非僅
論數論象之書，實為希
臘民族精神之所表現。
此滿文譯本及數理精蘊
本皆經刪改，意在取便
實施，而不知轉以是失
其精意。  

陳寅恪，幾何原本滿文 
譯本跋 [原載歷史語言 
研究所集刊第二本第三 
分(1931)] 

陳寅恪 (1890-1969) 

http://211.143.182.181:2006/2009-ny/snwh/rwxk/zgrw/0032/content0009/zgrw003209.jpg
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此
書
為
益
，
能
令
學
理
者
袪
其
浮
氣
， 

練
其
精
心
，
學
事
者
資
其
定
法
，
發
其 

巧
思
，
故
舉
世
無
一
人
不
當
學
。 

徐
光
啟 

 

幾
何
原
本
雜
議 



    「四不必， 
   四不可得」。 
   此評語是 
   否說過 
    了頭? 

 2 



 3 



鴛
鴦
繡
出
從
君
看 

不
把
金
針
度
與
人 

金
針
度
去
從
君
用 
未
把
鴛
鴦
繡
與
人 

 4 



“Geometry is a phenomenon 

of the human culture. … 

Geometry, as well as 

mathematics in general, 

helps in moral and ethical 

education of children.  

… Geometry develops 

mathematical intuition, 

introduces a person to 

independent mathematical 

creativity. … Geometry is a 

point of minimum for the 

distance between school 

mathematics and the 

mathematics of high level.” 

Igor Fedorovich 

Sharygin (沙雷金) 

(1937-2004) 



Igor Fedorovich 

Sharygin (沙雷金) 

(1937-2004) 

“Learning mathematics 

builds up our virtues, 

sharpens our sense of 

justice and our dignity, 

strengthens our innate 

honesty and our 

principles. The life of 

mathematical society is 

based on the idea of 

proof, one of the most 

highly moral ideas in the 

world .” 



 “Rigour is to the 

mathematician 

what morality is  

    to man. 

    (嚴謹之於數學 

    家，猶如道德 

    之於一般人。)” 

André Weil  

(1906-1998) 



Lillian R. Lieber, 

The Education of 

T.C. Mits: What 

Modern 

Mathematics 

Means to You, 

originally 

published in 1942; 

republished in 

2007.  

[T.C. Mits = The 
Celebrated Man  
In The Street] 

Lillian Rosanoff Lieber,  

(1886-1986)  



Lillian R. Lieber, The Education of 
T.C. Mits: What Modern 
Mathematics Means to You, 
originally published in 1942; 
republished in 2007.  
 

And so you see how 

Mathematics can throw light 

on various subjects 

which many people discuss 

glibly and carelessly 

since they have never been trained  

to examine ideas 

With that METICULOUS CARE 

With which a mathematician works. 



Lillian R. Lieber, The Education of 
T.C. Mits: What Modern 
Mathematics Means to You, 
originally published in 1942; 
republished in 2007.  
 

THERE is a model for straight thinking 

Which we all MUST try to imitate. 

This is not the  

noisy argumentation of 

the pseudo-thinkers. 

Rather it is 

quiet, 

honest, 

careful,  

COMPETENT.  

 

The Moral:    Do not be NAÏVE ―  

                      Use the methods of 

                      Mathematics.   

 

 



Teaching is not a lost 
art, but the regard for 
it is a lost tradition. 
 

Jacques Barzun, 

Teacher in America, 

1945, p.12  

[quoted in Newsweek, 

December 5, 1955] 

(教學不是逝去了
的藝術，然而對
它的尊重卻是逝
去了的傳統。) 

Jacques Barzun  

(1907-2012)  

http://www.google.com.hk/url?sa=i&source=images&cd=&cad=rja&docid=mtJxttkdLIcf_M&tbnid=-2uD5S3YGgNOVM:&ved=0CAgQjRwwAA&url=http%3A%2F%2Fwww.columbia.edu%2Fcu%2Fnews%2F07%2F10%2Fbarzun.html&ei=mULSUYfwDvCviQeOnICIBQ&psig=AFQjCNEVmEKvZ_xeQYRyNBGPoTySosVWsA&ust=1372820505299153


  M.K. Siu, When “Mr. Ou (Euclid)” came to  

     China… , to appear in the Proceedings of  

     the 6th International Congress of Chinese 

     Mathematicians, July 2013, Taipei.  

     [Chinese translation in : 當「歐先生」來到 
   中國… ,數學傳播, 38(4) (2014), 24-41.] 

 
  M.K. Siu, The world of geometry in the 

     classroom: Virtual or real? Proceedings  

     of 5th International Colloquium on the 

     Didactics of Mathematics, Vol. II, edited  

     by M. Kourkoulos, C. Tzanakis, University 

     of Crete (2009), 93-112. 

     [Chinese translation in: 課堂中的幾何世界: 
   虛擬還是真實? 中學數學, 346 (2009), 1-4,  

      46; 348 (2009), 1- 6.] 

 

 P. Engelfriet, M.K. Siu, Xu Guangqi's 

     attempts to integrate Western and Chinese 

     mathematics, in Statecraft And Intellectual 

     Renewal In Late Ming China: The Cross- 

     Cultural Synthesis of Xu Guangqi (1562- 

     1633), edited by C. Jami, P. Engelfriet, G.  

     Blue, Brill, Leiden, 2001, 279-310. 



謝謝香港數理教育學會的
邀請，讓我有此機會與大
家談談數學。 

謝謝梁子傑老師應允作回
應嘉賓，與大家分享他的
高明識見。 

柯 志 明 先 生 協 助 製 作
GeoGebra 顯示，以輔助
講解，香港大學數學系呂
美美女士協助製作圖片，
為講座添色， 謹此一併致
謝。 


